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BBEJAEHUE

B yueOHOM mpoliecce Hapsy ¢ TEOPETHUYECKUM O0YYEHHEM 3HAYUTEIbHOE
MECTO OTBOJUTCS MPAaKTUYECKUM padotam. [IpaBunpHOE coueTanue
TEOPETUUYECKHUX 3HAHUM C MpoIlecCaMy BBIMIOJHEHUS TPAKTUYECKUX PabOT
o0ecreynBaeT BHICOKOE KaYECTBO MOJATOTOBKH CIEIIHAIUCTOB.

JlaHHbIE METOAMYECKHUE YKA3aHUS MPEICTABIISIIOT COOO0M PYKOBOACTBO IO
BBITMIOJTHEHHIO MPAKTUYECKUX PabOT, COCTABIEHHOE B COOTBETCTBUU C YUEOHOM
MPOrpaMMON TUCHUILTAHBI

OI1.10 YucnenHsie METO/IbI B MPOTPAMMUPOBAHHH.

Kaxxnas npaktryeckas paboTa coiep>KUT KOHTPOJIbHBIE BOIIPOCHI, KPATKYIO
TEOPHIO 10 TEME, 33JJaHHE U OPAIOK BBITOJIHEHUS paboThl. CIMCOK
UCIOJIb3YEMON JIUTEPATYphl IPUIIATa€TCs B KOHIIE MPAKTUKyMa.

[lepen BbinoaHEHHEM PaOOTHI HEOOXOMMO U3YUYUTh KPATKYIO TEOPHIO.

Kaxcz[aﬂ IMpaKTHUYCCKasd pa60Ta 3aUIIACTCS ITOCJIC BBIIIOJHCHUA Ha YPOKE UJIN

KOHCYJIbTAallH.



Taoauna 1 - TexHoJiornyeckasi KapTa NpPakTU4YecKoi padoThl CTyJAeHTA Mo AucuuIInHe «YuciaeHHbie MeToab» cnienuagabHocTsb 09.02.07 -

I/IHQ)OpMaIII/IOHHLIe CUCTEMBI U IIpOrpaMMHUpPOBaAHUE

Haumenoean | Temamuka npaxkmuyeckoui | Kon- | Buowvl npakmuueckoii paéomot Hugpopmayuonnoe Dopma KOHmpoa
ue memol paoomul zzco F T — o swibopy obecneuenue
¢ cmyoenma
Tema 1.1 . IIpakTHYecKHe 3aHATHS 20 Beinonnenue UucnenHsle MeETOMABI 3amura
Marematuuec | NelCocraBnenue paboTHI, Yy4eOHUK ¥ TPAKTHKYM | IPAKTHUYECKOU
Ko€e MaTEMaTHYECKUX MOJIEIIEH. COCTaBJICHUE I E: CpeaHero | paboThI
MozenupoBaH | Ne2 Brrumcrnenue aOCOMIOTHOM U oTyeTa 1o po(hecCuOHaTBLHOTO
ue OTHOCHTEJIBHOHN MOTPEIIHOCTH. MIPAaKTUYECKOU obpazoBanmss / Y. T.
Ne3 BeluncieHne OpoU3BEACHUS paboTe, OTBETHI Ha [IupymoB [u ap.] ; nox
MAaTpHII. KOHTPOJIbHBIE penakuuen V. I.
Ne4 BepruncieHue onpeaenuTens BOIPOCHI [MupymoBa. — 5-e¢ wu3n.,
MaTpuIl nepepadb. u gom. —
No5 Brruncnenue obOpaTtHoit MockBa : U3nareiancTBO
MaTpHULIbI IOpaiit, 2023. — 421 c.
— (IIpodeccuonanbHoe
obpazoBanne). — ISBN
978-5-534-11634-2. —
Tekct : 2MeKTPOHHBIN //
OO6pazoBatenbHas
matdopma Opaiit
[caiit]. — URL:
https://urait.ru/bcode/518
500
Tema 2.1 IIpakTnyeckne 3aHATHA 16 Beimonnenune UucineHHple  METOJBI 3amura
®opmyna Ne6. Beruncienne cucrteM 2-To paboThl, y4eOHUK M TMPAKTUKYM | IPAKTHUECKOM
Kpawmepa. nopsIKa COCTaBJICHHE IS CpenHero | paboThl
Neo 7 Beruucnenue CJIAY oT4eTa 1o npodeccrnoHaIbHOTO
No8.Brruncnenue obpaTtHoit MPaKTUYECKOU obpazoBanmst / VY. T.
MaTpUIbL. paboTe, OTBETHI HA [TupymoB [u np.] ; nox




No 9. Pabora c dopmynou KOHTPOJIbHBIC penakmuei V. I.
Kpamepa BOIIPOCHI [MupymoBa. — 5-e¢ usn.,
nepepab. w gom. —
Mocksa : M3narenscTBO
Opaiit, 2023. — 421 c.
— (ITpodeccnonanproe
obpazoBanmne). — ISBN
978-5-534-11634-2. —
Tekct : 2JeKTPOHHBIN //
OO6pazoBatenbHas
mwiatopma Opaiit
[caiit]. — URL:
https://urait.ru/bcode/518
500
Tema 2.2 Brinonnenune YuciaeHHblE METOJbI 3amuTa
Meron IMpakTuyeckue 3aHATHSA paboTHI, Y4EOHUK ¥ TPAKTUKYM | PAKTHYECKOMN
laycca. NelO Bpruucnenue ¢ MOMOIIBIO COCTaBJICHHE TUTSI CpeaHero | paboThl
Metona ["aycca. oTyeTa 1o po(heCcCUOHATTLHOTO
Nell IIporpammuas MPAKTUYECKOU obpazoBanuss / VY. T.
WUTIOCTPALUS METOIA pabote, OTBETHI Ha [TupymoB [u ap.] ; mox
KOHTPOJIbHBIE penakuuen V. I.
BOIIPOCHI [MupymoBa. — 5-e¢ u3n.,

nepepab. u jgom. —
MockBa : U3nareiancTBO
IOpaiit, 2023. — 421 c.
— (IIpodeccuonanbHoe
obOpazoBanne). — ISBN
978-5-534-11634-2. —
TekcT : AneKTpoHHBIN //

O6pa3zoBarenpHas
wiatgpopma IOpaiit
[caiit]. — URL:

https://urait.ru/bcode/518




500

Tema 2.3 IIpakTHyeckue 3aHATHSA Beinonuenue 3€HKOB, A.B. | 3amura
Meton Nel2 Pemienne cucTeMbl METOIOM paboTHI, YucieHHbIe METO/IbI : | MPAKTUYECKON
MIPOCTBIX MIPOCTHIX UTECPAIUH. COCTaBJICHHE yueOHOe TmocoOue s | paboThI
uTepanuii oT4era 1o CpeAHEro
MPAKTUYECKON poeCCHOHATBLHOTO
pabote, OTBETHI HA obpazoBanws /
KOHTPOJIbHbBIE A. B. 3eHKOB. —
BOIIPOCHI Mocksa : M3narenscTBO
IOpaiir, 2021. —
122 c. —
(ITpogeccuonanbHoe
oOpasoBaHue). —
ISBN 978-5-534-10895-
8. — Teker
AJIEKTPOHHBIN //
OO6pa3oBarenbHas
wiaropma Opaiit
[caiit]. — URL:
https://urait.ru/bcode/471
647. YueOHoe mnocobue
g CI1O
Tema 3.1 IIpakTHYecKkue 3aHATHA Beinonnenue 3€HKOB, A. B. | 3amura
Anmnpoxcumary | Ne 13. NHTtepnionupoBanue paboThl, UucnenHsle MeETOMABI IIPaKTUYECKON
ust yHKUud. | QyHKIUH COCTaBJICHUE yuyeObHoe Tmocobue st | paboThl
oTYera 1o CpeIHero
MIPAKTUYECKON npogeccuoHaIbLHOTO
paboTte, OTBETHI Ha oOpazoBanust / A. B.
KOHTPOJIbHBIE 3eHKkoB. — MockBa
BOITPOCHI WsparensctBo  FOpaiir,
2023. — 122 c¢. —
(ITpodeccuonanbHoe

obOpazoBanne). — ISBN




978-5-534-10895-8. —
TekcT : ANeKTpOHHBIN //

OO6pazoBarenbHas
wiargpopma HOpaiir
[caiit]. — URL:

https://urait.ru/bcode/513
780

Tema 3.2 IIpakTHyeckue 3aHATHSA Beinonuenue 3€HKOB, A. B. | 3amura
dopmyina Nel4.  Pacuer ¢  momomibio paboTHI, UuciaeHHble METOJIbI MPaAKTUYECKOU
Jlarpamxa. nonuHoMa HeroroHa COCTaBJICHUE yuyebHoe mocobue st | paboThl
oTyera 1o CpeaHero
MPAKTHYECKON npo¢ecCHOHATHLHOTO
pabote, OTBEThI Ha obpazoBanuss / A. B.
KOHTPOJIbHBIE 3eHkoB. — MockBa
BOIIPOCHI NznarensctBo  FOpaiir,
2023. — 122 c¢. —
(ITpodeccnonanpHoe
obpazoBanne). — ISBN
978-5-534-10895-8. —
TekcT : AJIeKTpOHHBIN //
OO6pazoBatenbHas
matdopma Opaiit
[caiit]. — URL:
https://urait.ru/bcode/513
780
Tema 3.3 IIpakTnyeckoe 3ansATHE Boinonnenue lNaremok, O. B. 3amura
[Mpubnuxaro | Nel5 Anmnpokcumanus (QyHKIUH paboTsI, YucaeHHbIE METOBI : PaKTUYECKOH
e GyHKIUK | OIHOM mepeMeHHOU COCTaBJICHUE yuebHoe ocodue st paboThI
oT4era 1o CpeIHEro
MPaKTUYECKON npodeccroHalbHOTO
paboTe, OTBETHI HA obpazoBanus / O. B.
KOHTPOJIbHBIE laremrox, II. K.

BOIIPOCHI

Hcmaunnos, H. B.




ManrokoBa. — Mockaa :
W3narensctBo Opaiit,
2023. — 140 c. —
(ITpoeccronanbroe
obpazoBanue). — ISBN
978-5-534-07480-2. —
TekcT : AIeKTpOHHBIH //
OO6pazoBarenbHas
mwiatdopma Opaiit
[caiiT]. — URL:
https://urait.ru/bcode/514
036

Tema 4.1
YucaeHHoe
WHTETPUPOBaH
ne

IIpakTH4yeckoe 3aHsATHE
Nol6  Berumcienne uWHTErpasia

byHKIIUN

Brinosinenue
paboThl,
COCTAaBJICHHE
oT4YeTa 1Mo
MPaKTUYECKOMN
pabote, OTBETHI Ha
KOHTPOJIbHbBIE
BOIIPOCHI

l'aremoxk, O. B.
YHucneHHbIE METOIBI :
yuebHoe mocodue st
CpPEIHEro
pohecCuOHaTBLHOTO
obpaszoBanus / O. B.
TI'aremok, I1I. K.
HNcmanmos, H. B.
MantrokoBa. — Mocksa :
W3narensctBo FOpaiit,
2023. — 140 c. —
(ITpogeccronanbHoe
obpa3zoBanue). — ISBN
978-5-534-07480-2. —
Texct : neKTpOHHBIH //
O6pa3zoBaTenpHas
iatdopma FOpaiit
[caiiT]. — URL.:
https://urait.ru/bcode/514
036. YueOHoe mocodue
ms CITO

3amura
MPAKTUYECKOU
paboThI




IIpakTnueckas padora Nel

Tema: CocTaBieHue MaTEMaTHYECKUX MOJICIIEN.

Heab padoThl: U3YYUTHh UTEPAMUOHHBIC METOJIBI PEIICHUSI CUCTEM JTUHEHHBIX alreOpandecKux
YpaBHEHUI: METOJI UTEPAIM U METO/ 3eHIelisl, BEIIBUTh KaKOW M3 METOJIOB 00JIaJacT MEHbBIIEH
MOTPEUTHOCTHIO.

Pemenue cuctemsl mpu MeTOJIe UTEPALMl TOJIyYaeTCsl KaK MPeell MOoCIe10BaTeIbHOCTH
NPUOJIMKEHHBIX PEIIEHUH, KOTOPbIE HAXOASTCS C IOMOIIIBIO NTPoLecca UTePaLUi.

ITpyHIUI MOCTPOEHUS MTEPALMOHHOIO Ipolecca COCTOUT B cienyromem. Ilycts nana
KBaJpaTHasi CUCTEMa!

ap X +a,X, e+ X, = bl’

Ay Xy F 8ypXy .o+ 3y X, =Dy,

a, % +a,X +..+a, X =b,
C HeBLIpO)I(,HeHHoﬁ ManPII.[efI Hn OTJINWYHBIMH OT HYJ'ISI JAUAarOoHaJIbHbIMHU 3JIEMCHTaAMU
a,;,8y,,...,8,,. B HEl pa3pemaroT NepBOe ypaBHEHNE OTHOCUTEIBHO X1, BTOPOE — OTHOCHUTEIBHO
X2 U T.J. B pe3ynprare nony4aroT SKBUBAJICHTHYIO CUCTEMY:

X =B +o X+ +a X,
Xy, = B, + 0y Xy + QpgXy +.o+ 0y X

n?

Xo = B, o X+ oy, X

n,n-1"n-1*

[Tpu mepexone OT CUCTEMBI K CHCTEME WHOT/Ia ObIBAET BBITOJHEE IMOCTYIATh TaK, YTOOBI
He Bce KoaduUMeHTH! aii OblIM paBHBI Hy0. Hanpumep, ecnu B cucreme (2. 1. 1) nepBbiM
SIBIISIETCS ypaBHEHHUE:

1,02x, +a,,X, +...+a,X, =b;,
TO MU NEPEXo/ie K CUCTEME ero yo0Hee Mepenucarb B BUE:

X = bi _O’Ole — X, — T @ Xy,
u 3aech 0=-0,002#0. AHaTOTMYHOE TMOJOKEHHE MOKET BCTPETUTHCS U B JPYTHX YPABHEHMSIX.
[Tostomy B obOmem ciaydae cucremy (2.1.2) ecrecTBEHHO 3amucatb B BHUJE:

X, = [+ X .o X,
X, = B, + 0y X + .o+ 0y X

" (2.1.2)
X, =B, o X +..+a, X,

Cuctemy (2.1.2)" pewmator memodom nocreoogamenvuvix npudaudicenuti. Bextop
XO=(x,9, %@, ..., xa®T npunumaror 3a Hynepoe mpubmmxenme. Ha mpakTuke yacto 3a
HylleBoe TpubamxeHue OepyT croioder [ cBoOomHBIX wWieHOB cuctembl (2.1.2)". IMoacraBmuss
BMECTO X1, X2, ..., Xn B TIpaByIo 4acTh cuctemsl (2.1.2)" coorserctBenno X190, xo©@, ... x,©@
MOJIY4aloT epBOE MPHOIIKEHHE:

XO=(x1®, x2®, ..., x'T. C HUM mocTymaT aHANOIMYHO M T.1., T.e. AEHCTBYIOT MO
MpaBUIIY:
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(k+1) _ (k) (k)

X = [ tagX tato X,
trt) (k) (k)

X, :ﬂ?_+0¢21X1 +o o X, K =012 (213)
(k1) (k) (k)

Xn :ﬂn+anlxi +"'+annxn

win, uto Toxe camoe XK D=B+aX®, k=0, 1,2, ...,
rae o=(cij). B pe3yipTaTe MOJNYdAOT IOCIENOBATENFHOCTh MpUOMKeHHBIX pemenuii: X© X
M x®
ey .
H k
Eciu 5Ta mociefoBaTenbHOCTh UMEET npeaen X= I!Im X® 1o sror mpemen sBisercs
—o

pemeHremM cuctemsl (2.1.2)', a cnenoBarensHo, u cuctemsl (2.1.1). Ilpouecc ureparuii 6pICTPO
CXOJUTCS, €CIIU JUaroHaJbHble KO3(Q(OUIUEHTHI &, ,,8,,,...,a,, HICXOTHOW CUCTEMbI 3HAUUTEIHHO
npeo0agaroT Mo abCOIOTHOW BEJTMYMHE HAJl OCTAIBHBIMU ee K03 uumenTamu, uim, 4To Toxe
camoe, Ko3ppuueHTH! ajj cucteMsl (2.1.2)" 1ocTaTouHO Maibl 110 a0COIIOTHOMN BEIIUYUHE.

Bbonee Touno ato Gpopmynupyercs Tak.

[Ipouecc wurepaumii A8 CcUCTEMBbl JIMHEHHBIX ypaBHeHud (2.1.2)" cxomutcs K
€MHCTBEHHOMY €€ pEIIEHUIO, €ClIM Kakas-Tu0o HOpMa MaTpHIlbl 3TOH CHCTEMbl MEHbIIE
€/IMHUIIBI, B YACTHOCTH, €CJIH BBITIOHACTCS XOTsI OBl OTHO U3 YCIIOBHIA:

llol1= m?x Zi] a; | <1,

[low|o= m?X Z| G | <1,
j

(2.1.4)

loll= [max 4, <1

rae max /’Lara - HauboabuLee xapakmepucmudeckoe 4Yucio mampuyvt o Q.

T

HOl"peH_IHOCTI) HpH6J’IH)KCHHﬁ B O6IJ.I€M CJIydya€ MOXHO OLICHUTH ITO (I)opMyne:

X(k+l) _ X(k)
| X = X% |< | ol | (2.1.5)
uiu o popmyre:
k+1
o
I X - X% |< % 1 A1, (2.1.6)

eci 3a HyJIeBoe npuomkenye Beiopan BekTop X O=p=(B1,....pn)"

U3 dopmynsl (2.1.6) MoxkHO HaliTh HOMep K Hy)KHOH HTepaluy, KOTOPBIA OOeCTeuuT
HEOOXOMMYIO0 TOYHOCTh MPHONMKEHHOTO perreHus. Ha mpakTuke mporecc urepanuii 00bIaHO
IPUOCTAHABIMBAIOT, KOIJa BO BCEX KOOpJIMHATAaX MPUOIMKEHHBIX PELIeHUH CTaOMIM3UpPYyeTCs
HYXXHOE YHUCIIO IECITUYHBIX 3HAKOB TIOCIIE 3aIsITOM.

IIpumep 2. MeTtoaoM utepanuii pelnuTb CUCTEMY:

10x, + 2x, + x, =10,
x, +10x, + 2x; =12,
x, +x,+10x, =8.

Pewienue: Pa3pemB rnepBoe ypaBHEHHE OTHOCHUTENIBHO X1, BTOPOE€ — OTHOCHTEIBHO X2,

TPEThE — OTHOCUTEINIFHO X3, IIPUIEM K CHCTEME:

11



x, =1-0,2x, —0,1x,,
x, =1,2-0,1x, —0,2x;, *)
x, = 0,8-0,1x, —0,1x,.

Marpuiieii 3Toil CUCTEMBI SBJISICTCS MaTpPHUILIA:

0 -02 -01
a=-01 0 -02|
-01 -01 O
Ee HopmMma:

lle1=max (0,140,1; 0,2+0+0,1; 0,1+0,2+0)= max (0,2; 0,3; 0,3)=0,3<L.

[ToaTromy mpouecc utepauuid s cucrteMbl (*) Oymer cxopsmuMcsa. 3a HyJeBOe
IpUOIMKEHNE TPUMEM:

x1@ =1, x, ©=12 x3©=0, 8.

[ToxcraBnsist 3TH 3HAYEHUST COOTBETCTBEHHO BMECTO X1, X2, X3 B IPABbIC YaCTH YPaBHCHHMA
cuctemsl (*), mosyyum

x1 =0,68, x, M=0,94, x3 P=0,58.

C nonydyeHHBIM MPUOIUKEHUEM MTOCTYITUM aHAJIOTUYHO U T.1.

Pe3ynbTaThl BBIUMCIICHHIA, OKPYTJICHHBIC IO TPEX JCCATUYHBIX 3HAKOB, TOCJE 3aIsiTOM,
npuBe/ieHbI B Ta0I. 1:

Tabmuna 1
K X ® @ g ®
0 1 1,2 0,8
1 0,68 0,94 0,58
2 0,754 1,016 0,638
3 0,733 0,997 0,623
4 0,738 1,002 0,627
5 0,737 1,001 0,626
6 0,737 1,001 0,626

IIpouecc mnpHOCTAaHOBMIM, T.K. B 3HAUEHUAX KaKJIOM HEHU3BECTHOHM X1, X2, X3
CTaOUIIM3MPOBAJIOCh IO TPU JIECATHYHBIX 3HaKa mocie 3amaroil. Takum o0pazoM MOXKHO
npunsats X~Xs5=(0,737; 1,001; 0,626)".

CnenaeM OLIEHKY MOTpemHOCTH mnstoro npubmmkenus. Ilo dopmyne (2.1.6), cuuras
llefli=0.3; 1IB [l2=[I(1, 1,2, 0,8)" ||:=1+1,2+0,8=3, momyuaem

6
| X = X® < ﬂ-s: 0,001.
1-03

910 03Ha4acT, 4TO B IIITOM HpI/I6HI/I)KeHI/II/I KaXXJaasds HCU3BCCTHasA UMCCT HC MCHCC UCM I10
JABa BEPHBIX JCCATHUYHBIX 3HAKaA MMOCJIC 3aIISITOM.

2.2 METOJI 3EMIEJIS
Merton 3eilinens mpeAcTaBiIsieT cO00H HEKOTOpPhIE BUIOM3MEHEHHUSI METO/Ia HTepanuid. B
HemM npu BeruuciaeHun (K+1)-ro mpuONMKEHHsS HEM3BECTHOW Xi  HMCIOJB3YIOTCS  YKe
BeIYKCIICHHbIC 3HAa4YeHUs (K+1)-ro mpuOmmKeHHs s HEUW3BECTHBIX Xi, X2, ..., Xi-1. Tak,
Mpearonaras, 4ro J1Jjs IpUBEICHHON CUCTEMBI:
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X =B +oX o+ X,
X, = B, + 0y Xy + .+ 0y X

n?

X, =B, + o X +...+a,.X,

yxke Haiineno k-e mpumbmmkenue X189, 20, ... xa®, ee (k+1)-e mpubamkenue HaxomuTcs
CIeIyIOIUM 00pa3oMm:
(k+1) k k
X = Qi +aX +otagX,
(e (k+1) () ()
X, =Lt ayX X, t.a.to, X,
e (k+1) (k+1) () ()
Xg = LiH0pX X, A+ QgXy o X, (2.2.1)
ety (k+1) (k+1) k
X,  =ptagX T tatog X X

OO6b1yHO MeTOoq 3eaens aeT JIYYIIyl0 CXOAUMOCTh, YeM CXOAUMOCTh METOJa MPOCTOM
uTepaIuu.

Ipumep 3. Metonom 3eliiens pelIuTb CUCTEMY:
10x, — x, + x; =10,
x, +10x, —3x; =8,
x, —2x, +10x; = 0.

Pewenue: PazpeniuB nepBoe ypaBHEHUE OTHOCUTENIBHO X1, BTOPOE OTHOCUTENIBHO X2,
TPEThE — OTHOCUTEIIBHO X3, TPUJIEM K CUCTEME:

x, =1+ 0,1x, — 0,1x,,
x, =0,8-01x, +0,1x,,
%, = 0901y, +0,2x,.

y1o0HOM 11 IpoBeieHus MeToa 3eiens. 3a HyJeBoe NpuoOImKeHue IpUMeM
x1©@ =1, x,©=0,8, x3©=0, 9.
U o popmymnam (9.2.1) nomyqaum npu k=0:

x" =1+01-08-01-0,9 = 0,99,

x," =08-01-0,99+0,3-0,9 = 0,971,
x? =09-01-099+0,2-0,971 = 0,9952.
npu k=1:
x?® =1+0,1-0,971-0,1-0,9952 = 0,9976,
x,? =0,8-0,1-0,9976 +0,3-0,9952 = 0,9989,
x? =0,9-01-0,9976 +0,2-0,9989 = 1,0000.

U T.J.
Pe3ynbraTthl BBIYMCIEHUHN, OKPYIJIEHHbIE 1O YEThIPEX JECATUYHBIX 3HAKOB IOCIE
3arnATo|, MpUBEAEHHI B Ta0MI. 2:

Tabmuua 2
| K| % ® | %, ® | %0
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1

0,99
0,9976
0,9999
1,0000
1,0000

ar~rowpNdEF—,O

0,8 0,9

0,971 0,9952
0,9989 1,0000
1,0000 1,0000
1,0000 1,0000
1,0000 1,0000

[Ipouecc npuOCTAaHOBWIIM, Tak KaK B 3HAYEHUS KaXKJIOM HEU3BECTHOW X1, X2, X3
CTaOUITM3MPOBANIOCH MO YEThIpE JACCATUYHBIX 3HAKa IOCJIE 3amarToi. 3a MCKOMOE peleHue

MoxHO npuHaTh X(1, 1, 1)T,

3ananne

Jlana cucrtema JIMHEHHBIX anreOpandyeckux ypaBHEHHH, KOAPOUIIMEHTHI IPU HEU3BECTHBIX
U CBOOOJHBIC YICHBI KOTOPOW SBISIFOTCS WENBIMU 4Yuciamu. Haiinure ee mpuOinxkeHHOE
perieHre MeToiaMu ureparuii u 3eiaens. CpaBHUTE ¢ TOYHBIM PEIICHHEM &,

o5x; +x; =11, 2
1. <x +3x, —x;, =4, E=|1]
—3x, + 2x, +10x, = 6. 1
2x, —X; =3, -1
2. 9—x,+3x,+x,=2, £=| 0
X, —x, +4x, =3. 1

2x, —x, =1, 1
3.9 -3x,+x;=2, £=|0
X +x,+3x; =4 1

S5x, +x, —x; =5, -1
4. 9-x,+3x,+x;=5 ¢&=| 1
X, —2x,+4x, =1. 1
3x, +x, —x; =1, -1
5. 9-2x +4x,+x;=5 ¢&=| 1
X, +x, +3x; = -3. -1

3x, +x, —x; =6, 2
6. 12x, +4x,+x,=9, &£=|1
1

X, —x, +3x;, = 4.

2x, — X, =-2, -1
7.92x,+5x,—2x,=-4, &= 0
X =X, +3x, =2, 1

2X, — X, =3, 2
11. Sx,+2x, =7, £=|1
X, —x, +3x;, = 4. 1
3x, +x, —x; =2, -1
12. $ x, +5x,—x; =8, &=| 2
2x, +3x, =1. 1

3x, — X, =4, -1
13. 92x, —5x, +x; =9, E=|-2

2x, —2x, +6x, = 8. 1

3x; —-x; =1, 2
14, <2x, =5x, +x;,=-2, &= 1

2x, + 2x, +5x, =1. -1

3x, —x, +x; =0, 1
3x, +5x, + x; =12, E=| 2

/_J%

15.
—x, +2x, +4x, = 32. -1
—4x, +2x, +x; =5, 1
16. y—x, +5x, +x;=-5, <&=|-1
2x, +3x, =5. 1
o5x, — X, +x3 = =3, -1
17. 3—x, +3x,+x,=-1, &=|-1
2%, +x, +4x, =1. 1
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3, —x, +x; =1, 1 4x, +2x, + x5 =3,
8. 2x,—x;=3, &= 1 18. 13x, +5x, —x; = 4,
- X, +x, +5x; = -5. -1 2x, +x, —4x, =06.

Ax, +x,—x; =1, 4x, +x, + 2x; = 6,

2
9.92x,+3x, =7, ¢&¢=|1 19 3x, +x; =-1,
X, — X, +5x; =11. 2 X, +2x, +4x; =-5.
2x, -x; =1 1 3x, +x, +x; =06,
10. 3x; —4x, +2x, =-5, &=|2 20. —2x, +x; =3,
X, +x, +3x; =6. 1 2x, + x, +4x, = 1.

HOpﬂ)IOK BbIITOJTHCHU A paﬁoTBl

1

f:
-1
-1
E=| 0
-1
2
E=| 1
-1

1. IlpeoOpasyiite cucTeMy K TNPUBEICHHOMY BHIY C BBIIOJIHEHUEM YCIOBHS

CXOOUMOCTHU HTepaHI/IOHHOﬁ noCICaA0BaTCIbHOCTH.

2. Haiinute Bpy4HYI NOpUOTMKEHHOE pEIIeHHWE CHCTEMbl METOJIaMU HTEpaluil u

3enmens.

3. CocraBbTe HpOTrpamMMy BBIYHMCICHUS MPHOJMKCHUN JO JOCTUXKCHUS TpeOyemou
JIIO00OM  SI3BIKE

TOYHOCTH C BBIBOJIOM  pe3ylbTaToB B  Tabmuny (Ha

IPOrpaMMHPOBAHHs):
K 0 o <
rae x1%, x2W9, x3®- KoopUHATE BEKTOPOB — IPHOIHKEHHIA.
4, Haiimute NPUOIMKEHHOE PEIIEHHE CUCTEMBI, C MHOMOIIBIO IIPOrPAMMBI,

BBITIUIIUTE €r0 KOOPAUHATHI.
5. CpenaiiTe OLEHKY MOTPEUTHOCTH.

KoHnTpoJsbHbIe BONPOCHI

1. Cmoco0sI onpesiesieH st pacCTOsTHUS B pocTpancTse R

2. AOconoTHas MOTPENIHOCTh YUCIOBOTO BEKTOpA U €r0 KOOPINHAT.

3. CX0omuMOCTh MOCIIEN0BATEIBHOCTH BEKTOPOB B R".

4. TlpuBeneHHass cucTeMa YpaBHEHHMH, CIOCOOBI MpeoOpa3oBaHUS CHUCTEM
MIPUBEJICHHOMY BUTY.

5. CyTb MeTo/1a uTepanuu.

6. B deMm cocrouT oTiimuue MeToaa 3eiIens OT MeTo1a UTeparuii?

7. TlocTpoeHue UTEPAIMOHHOM MOCIEeI0BATEILHOCTH.

8. JlocrarodHoe yCIoBHE CXOJMMOCTH UTSPAITMOHHOM IMOCIIECIOBATCIIEHOCTH.

9. OrteHka MOTPENTHOCTH NPUOIMIKEHHOTO PEIICHUS.

u

K

10. YcroBre OKOHYaHHMS HWTEPAIMOHHOTO IMpoIlecca MPU HAXOXKICHWW DEUICHUS C

3aJIaHHOM TOYHOCTBIO.

IIpakTuyeckas padora Ne 2

Tema: Brruucienne abconOTHON U OTHOCUTEIBHON MOTPEIIHOCTH

15



Ilesb padoThI: U3MEPUTH C TIOMOIIBI0 MUKPOMETPA CPEIHHI 00BEM METAIUTMYECKOTO
mHApa. PaccunTtarh aOCOMIOTHYIO U OTHOCUTENIBHYIO OTPEIIHOCTH U3MEPEHUS.
IIpuOops! ¥ NPUHAAIEKHOCTH: MUKPOMETP U METAJUIMYECKUHN LIMIIMHJD.

Tabmuua 1
W3mepenue cpeHero 00béMa IUIHHIpA.
Ne usm. h, Mmm d, Mmm V, Mm® ITpumeyanus
1 14,36 9,37 Obpaszer -
2 14,36 9,38 METAJUTMYECKUH [YTHH]IP.
3 14,36 9,41 996,05 Cepus m3mepenus Nel.
4 14,36 9,41 HaumeHrsiiee nenenue
5 14,36 9,42 mukpometrpa 0,01mm.
Cp.3Hau. 14,36 9,398

Pacuérnbie popmybi:

2
V = T h - bopmyia HaxoKAEHUS CpeaHEro 00bEMa IMIMHAPA,

Pacuér ommb0Kk npsiMbIX U3MeEpPEeHM .

1. Beraucnsiem cpeanue apupmMeTnieckre 3HaueHus no popmyne:

3. Tlo tabmune CthlomeHTa s TOBEpUTENbHOW BeposaTHocTH 0,95 W uymcia w3MepeHud N
ornpenaesaem ¢

an

4. Beruucnsiem ciydaifHple TOTPENTHOCTH 110 (hopmyIie:

Axav = [an ’ 0}
5. Beruncnsiem npruOOpHYI0 MOTPELIHOCTH 10 (hopmyIie:
AX, =a-h

6. PaccunThiBaeM 1mosiHBIEC TOTPENTHOCTH U3MEPEHUH TI0 popmyIie:
_ 2 2
Ax = |Ax;, + Ax,
7. 3anuchIBaéM OKOHYATEIbHBIE PE3YIbTaThl C OKPYTJICHUEM B BUJIE:
X, =xtAx
8. PaccunThiBaeM OTHOCHUTEINbHBIE TOTPEIIHOCTUA U3MEPEHHI:
Ax
elx)==-100%
Xo

Pacyer olIMOOK KOCBEHHBIX H3MEPEHHUI.

1. Beruucnsiem cpennee 3HaUeHUE QYHKIIMU 110 OpMyIie:
—2
zd
ch = T h
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2. BeiBoguM pacueTHyro (opMyny s aOCOTIOTHOM MOTPENIHOCTH KOCBEHHOW BEITUYHMHBI TIO

dbopmyre:
v\’ AN adh\? d? )
AV = |l — | Ad? +| = | Ah? = || — | Ad? +| — | Ah?
od oh 2 4
3. 3anuchiBa€M OKOHYATEJIbHBIN PE3YJIbTAT C YUETOM OKPYTJICHUM B BUJIE:
V=V tAV
4. PaccunTarh OTHOCUTENBbHYIO IOTPEIIHOCTh KOCBEHHBIX U3MEPEHHUI 110 popMmyIie:
e\V)= AV 100%
Vv
Tabnuna 2.
ITorpemHoCcTH NpsIMbIX U3MEPEHUMN.
old) m Ad,,,m Ad,,m Ad, m dy £(d)
0,009695 0,02695 0,00475 0,02858 9,37063 0,29%
Tabmuua 3.
ITorpentHOCTH KOCBEHHBIX H3MEPEHUM.
V,u® AV, M V,u® (V)
996 6 990 1%

OxoHuaTeIbHBIN pe3yabTaT ¢ y4€TOM OKPYIJIEHUH B COOTBETCTBHUH ¢ Tabuuueil 3:
V=V +AV =(996 + 6) un’

BbiBoja: B pe3ynbTare BHIIOJHEHHS Ja00PATOPHON pabOThl HAYYMIIHCH U3MEPSITH pa3MeEpPhI Tela
IpY MOMOLIM MUKPOMETPA, a TAK)Ke MPHUOOPENIN HAaBbIKU BBIUMCIICHUS MO MOJTYYEHHBIM JTaHHBIM
00BEMa TaHHOTO TeJla, pacueTa MOrPEeUIHOCTEN NPSIMbIX U KOCBEHHBIX U3MEPEHUH.

IIpakTnueckas padora Ne 3-4
Tema: HaxoxxaeHue npousBeieHUs] MaTPUIl U BEIYUCIICHUE UX OMPEAETUTENS.
Hean padorbi: 1. Ompabomamsv HasbiKu BbINOIHEHUS MAMEMAMUYECKUX Oeucmeutl Hao
mampuyamu.
2. OtpaboTaTh HABBIKW BBIYUCICHHS OTIPEICTUTEICH.
OcHaleHHOCTb: KaHLEISIPCKUE TPUHAUICKHOCTH, KaIbKYJISTOP.
KoHTpoJibHbIE BONIPOCHI:
UYTo Ha3bIBAIOT MaTPUIIEH?
Kaxkue O6biBaroT MaTpuIlsi?
Kak BbINoONHATE apupmMeTHyecke JeicTBUs HaJl MATpULIaMu?
CriocoObl BEIYMCIICHUS OIpeieauTeNeH.
Meroan4yeckue yKa3aHus
(kpatkas Teopwsi)
Mampuyeri Ha3bIBaeTCSI MHOXECTBO YHCEN, OOpa3yloUIMX MPsIMOYroJbHYIO TabIuIy,

KOTOpasi COAEPKUT M CTPOK U N cTONOIOB.(MXN — pa3Mep MaTPHIIBI).

Busl matpuir: npsiMoyroibHble(m>n, m<n), KBagpaTHbIe(m=n).
MaTtpuiibl MOKHO CKJIa/IbIBaTh, BBIUUTaTh, YMHOXKAaTh HA YUCIIO U MEPEMHOXaTb. JeauTh

MaTpulbl HEJIb34.
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ay; dyp Ay
Ay, Gy, G,y | ; DIEMEHTHI A, Ay, dggy...y A,y - HA3BIBAIOT [NIABHOW AMArOHAJIBIO.
A3 dzp Ay
[ToGouHass nuaroHai b MPOXOAUT, YEpPEe3 BEPXHUU MPaBbld M HWKHUHN TpaBblil yribl. [lpu

CJIOKE€HUU (BBIYMTAHUM) MATPHIL], CKJIAJBIBAIOTCS (BBIYUTAIOTCSA) TOJBKO AJIEMEHTHI, CTOSAIIME Ha
OJHMX MECTaX, T.€. a11+B11H T.1.

[Ipu ymHoxenuu aByx Marpui; AxB, nonyuyaercs HoBas matpuna C Takas, 4To Cij=ai1%B1,
+ai2%B2j +....T@in*Bnj ,T.e. Cij pPaBHO CyMM€ D3JICMEHTOB I- O CTpOKHM MaTpuilbl A Ha
COOTBETCTBYIOIIUE AJIEMEHTBI |-I'0 CTOJIOIA MaTpuIlsl B.

[TonsiTue onpedenumena TECHO CBSI3aHO C TIOHATHEM KBaJIPaTHON MaTpPHIIBI.

Onpedenumeny KBAIPATHOW MATPUIBI — 3TO YUCIIO, IOCTABICHHOE B COOTBETCTBUE JAHHOU
MaTpPHIIbI.

ayp Gy, Gy
A=d=det A=|a,, a,, a,

Qs d3p dgg
Brrunciienue onpeaenuTenei:

1. Omnpenenutens BTOPOTO MOPSIKA paBeH pa3HOCTH MMPOU3BEICHUM 2JIEMEHTOB TJIABHOW U
H000YHOU IUaroHaje.

deta=|1t 2 =ay,0,, — 1,0, .
Ay Gy
2.0npenenuTenb TPETHETO MOPSIKA.
a) BerumnciieHre onpeaenuTels TPETbero MopsKa BBIMOIHSIOT 110 MPABUIY TPEYTOJIbHUKA,
KOTOPOE M3JI0KEHO B YICOHUKE U MOKET OBITh MPOWLTIOCTPUPOBAHO PUCYHKOM.

«+» «=-»

B) PasnokeHuem Mo »ieMeHTaM CTPOKM WM cTonbma. bomee mompoOHO 3TOT cmocod
U3JIaraercs B yueOHHKeE.

a;; 4y dgg

Ayy Ay Qy; Qy3 Ay Ay
Det A=la,, a,, a,|=a; —a, +a, , pasIoKeHue
A3y, dga Q3 Qa3 Q3 Az
Ay dizp dgz;
ONpEENTENS 110 TIEPBOM CTPOKE.
3amanmne 1
1 2 3 31 4
1LA=14 3 5[,B=|4 5 3
1 2 4 11 3
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10.8.)2 7 14
,0)2 5

1 5
1

4
1,
-3 3

Xox padoTbI:
1. HOSH&KOMI/ITBCSI C MCTOANYCCKUMHU yKa3aHI/I$IMI/I.

2. 3amanus Nel (BapuaHT o HOMepy B )KypHaine): Haiitu: a) A +B, 6) A - B, B) 2A+3B; 1) 3A-

2B

3. 3aganus Ne2 (BapuaHT 110 HOMepY B xypHaue): Haiitu: a) A*B, 6) B*A

4.. 3ananus Ne3 (BapuaHT 110 HOMEPY B KypHaiie): BoruncianTs npeasioxkeHHbIe
omnpezenuTeny(3ananue 0 METoJJ0M TPEYroJbHHUKA U PA3I0KESHUEM)

5. Caenatpb BbIBOJ 110 paboTe U 0hOPMUTH OTUET.

IMpakTnyeckas padora Ne 5

Tema: Beruucnenue oOpaTHOM MaTpHUIIBI
Tema: Pemienue cucreM JTMHEMHBIX YpaBHEHUN METOJOM OOpaTHON MaTpPHULIbI.
Lenu:
1. W3yuuTh NOHATHE MaTpULbl, AEUCTBUS HAJ MaTpULIAMHU.
2. HayuuTbCsl BBIYUCIATH ONPENEINUTENN BTOPOIO U TPETHET0 MOPSIKOB.
3. U3yuuts metozs! pemenust CJIAY.
OcnaeHnHocTh: Kannensapcknue npuHauIe)KHOCTH.
KoHTpoJIbHBIE BOIIPOCHL:
1. Yro Takoe marpuna?
2. Kak mpou3BoasTcst 1eHCTBHS HAJI MaTpUIIaMH?
3. Uro Ha3bIBAIOT ONpEAEIUTEIEM BTOPOrO, TPEThEro nopsiaxa?

MeToauueckue yKa3aHus
Kparkas Teopus

Cucmema nunelinbx ypasHeHuti UMeeT BUL:

aii X1+ aieXz +...+amXn= by,
a1 X1 +apX2 +..+anXn= by, (1)

am1 X1 + am1 X2 +... + amnXn = bm.

3nech aiju b (i = Lo j= La ) - 3aIaHHbIE, a Xj - HEU3BECTHBIC JICHCTBUTEIbHBIC YUCIIA.
VYropsimoueHHast COBOKYITHOCTD N BEIIECTBEHHBIX YUCEN (C1, C2,..., Cn) Ha3BIBAETCS peuleHuem
cucmemst (5.1), eci B pe3ynbTare MOACTAHOBKH 3THX YHUCE]T BMECTO COOTBETCTBYIOIINX
HEPEMEHHBIX X1, X2,..., Xn KAXKIO€ YPAaBHEHUE CHCTEMBI OOPATUTCS B apU(PMETHUECKOE

TOXKJIECTBO; IPYTHUMH CJIOBaMH, €CJIH cyiiecTByeT Bektop C= (cy, C2,..., cn)" Takoit, uto AC [ B.

Cuctema (1) Ha3bIBaETCS cO6MECmHOU, W paA3peuuMoti, €CITA OHA UMEET 110 KpaifHel Mepe
oziHO penieHue. CrucremMa Ha3bIBACTCS HECOBMECMHOU, NI Hepa3peuumoli, €CIu OHA HE UMEET
peLICHU.

Marpuia

d1p 8z -8y O

gy A .. 8g, b

i-

Iaml amﬂ amn bm
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o0Opa3oBaHHas MyTeM MPUIHCHIBAaHUS CIIpaBa K MaTtpuie A ko3(hUIMeHToB cToaona
CBOOOJHBIX YJICHOB, HA3bIBACTCS PACULUPEHHOU MAMpUyell CUcCmembl.

Teopema Kponexepa-Kanennu. Cucrema JIMHEHMHBIX YPaBHEHUM COBMECTHA TOT/1a U TOJIBKO
TOrJa, Koraa panru matpun A ulJA coBnaaawr, T.e.

r(A) =r(DJA) =r.

Meton Kpamepa

Haxomum enasnuiiionpedenumens cucmemsl, T.¢. onpeaenurens Marpuisl A: [ = det (ajj)

U n scnomozamenvHuix onpederumenetil i (1= Lx ), KOTOPBIE MOTYYArOTCS U3 ONpeaeauTens [
3aMEHOM I-T0 CTONI0HA CTONOIOM CBOOOIHBIX YWIEHOB.
Ecnu rnaBHBIN onpeieuTeah CHCTEMbI OTJIMYEH OT HYJIS, TO CHCTEMa UMEET STUHCTBEHHOE
peleHue, onpeaensieMoe mo Gopmynam: xi= Uil 0.
Ecinu rinaBHBINM onpeieuTeNb CUCTEMBI [ 1 Bce Bcromorarenbhbie onpeaeurenn [1i= 0 (i=

L. ), TO CUCTeMa UMeeT OECUMCIIEHHOE MHOXKECTBO pelieHHi. Ec riiaBHbIi onpenenuTenb
cucremsl [ =0, a x0T ObI OZJMH BCIIOMOTaTeNbHBIN OIPENEIUTENb OTJIIMYEH OT HYJIS, TO
CUCTEMA HECOBMECTHA.

IIpumep Pemmts cucremy ypaBHeHH meToaoM [aycca:

X+y-32=2,
3X-2y+z=-1,
2x+y-2z=0.

Pewenue. Beimuem paciimpeHHY0 MaTpULly JaHHOW CUCTEMBI
1 1-3 2
2-2 1-1
2 1-20

Y TIPOU3BEJIEM CIICAYIOIIUE AIEMEHTapHBIE TPEOOPa30BaHUs HAJl €€ CTPOKAMHU:
a) U3 ee BTOPOil U TpeTbeﬁ CTPOK BBIUTEM IEPBYIO, YMHOKEHHYIO COOTBETCTBEHHO Ha 3 U 2:

1 1-3 2 -3 2
3-2 0-510 -7
2 4 -4
0) TpeThIO CTPOKY YMHOXHM Ha (-5) ¥ mpuOaBUM K HEll BTOPYIO:
11 -3 2
0-5 10 -7
0 0-10 13
B pesynbrare Bcex 3TuX nmpeoOpa3oBaHuil TaHHAS CUCTEMA MPUBOTUTCS K TPEYTOJILHOMY BHITY:
X+y-3z=2,
-5y + 10z = -7,
-10z = 13.
W3 nocnennero ypaBHeHust HaxoauM z = -1,3. [ToacTaBmnsist 3T0 3HaYSHHE BO BTOPOE ypaBHEHHE,

umeeM y = -1,2. Jlanee U3 nNepBOro ypaBHEHUs MOJIYyUYUM
x=-0,7.

Xox paboTshl:
1. M3yuuTh KpaTKyl0 TEOPHIO, OTBETUTh HA KOHTPOJIbHBIE BOIIPOCHI.
2. BBIMONHATE yKa3aHHBIC 3a/IaHUS.

3. Cnenate BBIBOJIBI O IPOJICTIAHHON paboTe.

3ananue 1: Pemnts (1o BapranTam):
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2x;, +5x, +x, =3, 2x, —3x, + X3 =—1, 7x; +2x, +3x; =15,
1)< 2x; +9x, +5x, =12, 2)<3x; +4x, +2x; =-1, 3)<5x; —3x, +2x; =15,
—x, —3x, +2x, =09. 2x, —4x, =-5. 10x, —11x, + 5x, = 36.
2x, +x, =5, X, +x, —2x, =6, 3x, +2x, + x5, =5,
4)4 x, +3x, =16, 5)< 2x, +3x, — 7x, =16, 6)< 2x, — x, + x, =6,
5x, —x, =10. S5x, +2x, + x, =16. X, +5x, =-3.
X, +x, +x; =22, X, +2x, +3x; =2, 6x, +x, +3x; =1,
7)43x, +2x, +x, =47, 8)1 2x; +3x, —4x, = -5, 9)< —2x, —5x, +2x, =6,
x, +3x, —x, =18. 3x, +x, +x3 =3. 3x, +2x; =1
—3x, +2x, +4x, =5, Ix, +5x, + 2x, =3, 3x, +2x, —2x; = -2,
10)2x, —4x, —=3x; =—6, 11)32x, +9x, +5x; =12,  12){x, +x, +x, =0,
X, +6x, +x, =17. X, +3x, —2x; =-9. 2x, —3x, —3x, =10.
2x, +x, + x5, =3, X, +2x, —x; =1, 2x;, —=5x, —x; =-1,
13)<x, +2x, + x5, =0, 14)<3x, +4x, — 2x, =1, 15)<3x; +x; =4,
X+ X, +2x; =9. S5x; +x; =-1. 4x, +x, +2x; = 5.
3x;, —2x, +4x; = -5, X, +2x, =-1, X, +2x; =1,
16)< x, —2x, =4, 17)3—=3x, + x5 =2, 18)<3x, + x; =1,
2x, —x, + x5 =—1. X, +x, +x;,=1. x, —95x, =0.

IIpakTyeckas padora Ne 6

Tema: Boeruucienue cucrem 2-ro nopsiaka
Lenu:
1. V3yuuTh NOHATHE MATPULIbI, JEHCTBUS HAJl MATPULIAMHU.
2. HayuuThbCsl BBIYUCIATH ONPENEIUTENN BTOPOTO M TPETHETO MOPSIKOB.
3. U3yunts metozs! pemenust CJIAY.
4. Hayuutscs pemats CJIAY meronom Kpamepa.
OcHaienHocTh: Kannensapckrue npuHaieKHOCTH.
KoHTponbHbBIE BOIPOCHI:
1. Yro takoe marpuma?
Kak npousBoasaTcs neicTBYsI HaJl MaTpuLaMu?
UTo Ha3bIBAIOT OINPEAETUTENIEM BTOPOTO, TPETHETO MopsiKa?
Kakumu coiicTBamu 001ajaeT onpeenuTens?
Uro Takoe CJIAY?
Kakas cucrema Ha3bpIBaeTCs COBMECTHOM, pa3pelinMoin?
B uewm 3akmrouaercs anroputm metona Kpamepa?

Nogakown

Meroanyeckue yKa3aHus
Kparkas Teopus
IIpamoyzonvrHou mampuyeti pa3Mepa m n Ha3bIBAETCA COBOKYITHOCTh MN YHUCEII,
PaCIOJIOKEHHBIX B BHJIE IPSMOYTOJIBHOM TaOIHIIBI, COAEPKAIISH M CTPOK U N CTOIOOB. MBI
OyJeM 3amuchiBaTh MAaTPUILY B BHJIE



i [= - |
1 =22 In
A=

dp1fpa . Bpn (l)
Onpenenurenn. CBOWCTBA OOpEaEIUTENCH.
OnpenenurenemM BTOPOro MOPsAIKA MaTPULIBI A HAa3bIBACTCS YACIIO, PABHOE Ay, - dyy — Ay, * Ay

|A| = =day Ay —dyp Ay,
Ay Ay

OnpenenureneM TPETHETO MOPSAKA MATPHUITBI A HA3bIBACTCS YHCIIO, PABHOE
a;; 4y dgg

|A| =|dy Ay Qpg| = Aq1QpyQag + ApQoslsy + Q30 o A5y — Q1305505 — Q11305 — Ayp05104,

a3 Qg Ay

Cesoticmea onpeodenumerneti

1. Onpenenurens He MEHAETCS IPU TPAHCTIOHUPOBAHUU.

2. Eciu oiHa U3 CTPOK ONpPEAEIUTENsl COCTOUT U3 HyJEH, TO ONPEeTUTENb PaBEH HYIIO.

3. Ecnu B onpenienurene NepecTaBUTh JABE CTPOKH, ONPEACTUTEIb TIOMEHSET 3HAK.

4. OnpenenuTens, ColepKallni 1Be OJUHAKOBBIE CTPOKHU, PABEH HYJIIO.

5. Ecniit Bce aeMeHThl HEKOTOPOW CTPOKH OIMPEeTTUTENs] YMHOKUTH Ha HEKOTOpoe Yrcio k,
TO CaM ONpeAeIUTENb YMHOXKHUTCA Ha k.

6. Onpenenurenb, COASPIKALIINA JIBE MPOIMOPIIMOHAIBEHBIE CTPOKH, PABEH HYIIIO.

Cucmema nuHetiHblX YpasHeHUll UMEET BUJL:

ai X1+ awe Xz +..+ammXn= by,
a1 X1+ axnX2 +..+axnXn= by, (1)

adm1 X1+ am1 X2 +... + amnXn = bm.

3mech aiju b (i = Lom: j= Uﬂ) - 3aJITaHHBIC, & Xj - HEU3BECTHBIC JICHCTBUTEIBHBIC YHCIIA.

YropsiioueHHasi COBOKYITHOCTH N BEIIECTBEHHBIX YHCel (C1, C2,..., Cn) Ha3bIBACTCS
peuteruem cucmemul (5.1), ecnu B pe3ysbTaTe MOJACTAHOBKU ATHX YHCET BMECTO
COOTBETCTBYIOIINX MEPEMEHHBIX X1, X2,..., Xn KAXK/I0€ YpaBHEHUE CUCTEMbI 0OpAaTUTCS B
apudMeTHUECKOe TOXKIECTBO; APYTHMH CIOBAMH, €CIIH CyIIecTByeT BekTop C= (c1, C2,..., Cn)"
Takoii, uto AC [ B.

Cucrtema (1) Ha3bIBaeTCS cOBMECmMHOU, WIH pa3peuiuMotl, €CT OHa UMEET 10 KpaliHel Mepe
oniHO penienne. CucrteMa Ha3bIBACTCS HECOBMECMHOLL, U Hepa3peuumol, eCIu OHA He UMeeT
peLeHui.

Marpuna

dyp Ay -8y O

- 8oy Boq.. A b
21 B an O3
A=

aml amﬁ amn bm

oOpa3oBaHHas IMyTeM MPUTTHUCHIBAHUS CIIpaBa K Matpuile A kodpdummenton crondia
CBOOOJTHBIX YJICHOB, HA3bIBACTCS PACUUPEHHOU MAMPUyel CUCMeMbL.
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Teopema Kponexepa-Kanennu. CucteMa TMHEHHBIX YpaBHEHUH COBMECTHA TOTJA U TOJIBKO
TOr/Aa, Korja panru Matpui A ul]A coBnajarorT, T.€.
r(A) =r(DJA) =r.
Metoa Kpamepa
Haxonum erasnuvliionpedenumens cucmemsi, T.€. onpenenutens marpunbl A: [ = det (aj)

u n ecnomozamenvHulx onpederumenetili (1= 1x ), KOTOpBIE MOJIY4al0TCS U3
onpeneauTens [ 3aMeHOM 1-ro cToJI011a CTOI0IIOM CBOOOIHBIX YJICHOB.
Ecnu rnaBHBIN onpeieuTenh CHCTEMbI OTJIMUEH OT HYJIS, TO CHCTEMa UMEET STUHCTBEHHOE
peleHue, onpeaensieMoe o Gopmynam: xi= Uil 0.
Ecinu riaBHBIM onpeieiuTeNb CUCTEMBI [ 1 Bce Bcromorarenbhbie onpeaeaurenn [1i= 0 (i=

Lz ), TO cUCTeMa UMEeT OECUHUCICHHOE MHOYKECTBO PEIICHUN. ECIu TTIaBHBIN ONpeIeTuTeNb
cuctembl [ =0, a XOTs OBl OJIMH BCIIOMOTAaTEIbHBINA ONPEACIUTENb OTINYEH OT HYJIS, TO
CUCTEMA HECOBMECTHA.

IIpumep 5.2. Pemuth MeTonom Kpamepa cucremy ypaBHEHUI:

ox; +3x, =12,
2x, —x, =1.
Pewenue. I'maBHbIN onpeACTIUTENb ITON CUCTEMBI

5 3
A= =-11+0,
2 —
3HAYUT, CUCTEMA UMECT CIMHCTBCHHOC PCIICHUC. Brranciaum BcrioMoraTenbHbIS
OIIPCACIINTCIIN HER | Dz, MOJIYHaromurecs u3 OoIpeaAciInTeIIA ll ITyTEM 3aMCHbBI B HEM CTOJ'I6I_[a,
COCTOAILIICTO U3 KOB(I)(bI/II_[I/IeHTOB IIpH Xij, CTOJ'I6I_[OM nu3 CBO6OI[HBIX YJICHOB:

12 3 5 12
= =-33 &u A, = =
7 - 2 7
Ortcroma x1 = [J1/[] = 3, X2 = [12/[] = -1, pemenue cuctemsr - Bektop C=(3, -1).
Meron I'aycca
CyIIHOCTB 3TOr0 METO/]a COCTOUT B TOM, YTO MOCPEICTBOM MOCIIEI0BATEIbHBIX
UCKJTIOUEHHMH HEM3BECTHBIX JaHHAs CHCTEMa MIPeBpaIlaeTcs B CTYNEHYaTyo (B YaCTHOCTH,
TPEYTroJbHYI0) CUCTEMY, PABHOCHIJIBHYIO JAHHOM. .
ITpumep 5.4. Pemuts cucteMy ypaBHEHMI MeTonoM [aycca:

11

1

X+y-32=2,
3X-2y+z=-1,
2x+y-2z=0.

Pewenue. Beimuiem paclIMpEeHHYI0 MaTPUILy JaHHOU CUCTEMBI
1 1-3 2
3-2 1-1
2 1-20

U TIPOM3BEJIEM CIIeIyIOIIKE dJIeMEHTapHble TpeoOpa3oBaHus HaJl €€ CTPOKaMMU:
a) U3 ee BTOPOIl U TPEThel CTPOK BHIYTEM MEPBYIO0, YMHOKEHHYIO COOTBETCTBEHHO Ha 3 U 2:

1 1-3 2 11 -3 2
3-2 1-1 0-510 -7
2 1-20)_ 12 1 4-4

0) TpeTbIO CTPOKY YMHOXUM Ha (-5) ¥ IpubaBUM K HEHl BTOPYIO:
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11 -3 2
0-5 10 -7
0 0-10 13

B pe3ynbraTe Bcex 3THX MpeoOpa3oBaHuil JaHHAs CUCTEMa MPUBOJUTCS K TPEYTOJIbHOMY
BU]TY:

X+y-3z=2,
-5y +10z = -7,
-10z = 13.

N3 nocnegnero ypaBHenust HaxoauM z = -1,3. [loacraiisst 3T0 3HaU€HHUE BO BTOPOE
ypaBHEeHHUE, uMeeM y = -1,2. Jlanee u3 nepBoro ypaBHEHHS MOTYyYUM
x=-0,7.

Xoa padoThI:
4. W3y4uTh KpaTKyl TEOPHIO, OTBETUTH HA KOHTPOJIbHBIC BOIPOCHI.
5. BBINONHUTH yKa3aHHBIC 3aaHUsI.
6. CnenaTh BBIBOJBI O MPOACIIAHHON padoTe.

3aganue 1: Pemuts metogom Kpamepa (mo Bapuantam):

2x3 +5x, +x, =3, 2x; —3x, + x5 =—1, 7x, +2x, +3x; =15,
1)< 2x;, +9x, +5x, =12, 2)<3x, +4x, +2x; =-1, 3)<5x; —3x, +2x, =15,
—x; —3x, +2x, =09. 2x, —4x, =-5. 10x, —11x, + 5x, = 36.
2x, +x, =5, X, +x, —2x, =6, 3x, +2x, + x; =5,
4)4 x, +3x, =16, 5)< 2x, +3x, — 7x, =16, 6)< 2x, —x, + x; =6,
5x, —x, =10. S5x, + 2x, + x; =16. x, +5x, =-3.
X, + X, +x; =22, X, +2x, +3x; =2, 6x, +x, +3x; =1,
7)s3x; +2x, +x, =47, 8)< 2x, +3x, —4x, = -5, 9)< —2x, —5x, + 2x; =6,
x; +3x, —x, =18. 3x, +x, +x, =3. 3x, +2x; =1.
—3x, +2x, +4x, =5, Ix, +5x, + 2x, =3, 3x, +2x, — 2x; = -2,
10)<2x, —4x, —3x, =—6, 11)<2x, +9x, +5x, =12,  12)<x, +x, +x, =0,
X, +6x, + x, =17. x; +3x, —2x; =-9. 2x, —3x, —3x, =10.
2x; +x, + x5 =3, X, +2x, —x; =1, 2x;, —5x, —x; =-1,
13)<x; +2x, + x5 =0, 14)<3x, +4x, — 2x, =1, 15)<3x; +x; =4,
X, +x,+2x; =9. o5x; +x, =—1. 4x, +x, + 2x; = -5.
3x, —2x, +4x; =5, X, +2x, =-1, X, +2x, =1,
16)x, —2x, =4, 17)1-3x, +x; =2, 18)<3x, +x; =1,
2x; —x, + x5 =-1. X +x, +x; =1 x, —5x, =0.

IIpakTuyeckas padora Ne 7
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Tema: Beruncnenune CJIAY
Hemu:
1. W3yuyuTh NOHSATHE MATPHUIIBI, JACUCTBUS HAJ MaTpUIIAMHU.
2. Hay4yuThbcst BBIYHCIATH ONPEACIUTEIIN BTOPOTO U TPETHETO MOPSIIKOB.
3. U3yuuts metozs! pemenust CJIAY.
4. Hayuutscs pematb CJIAY metonom Kpamepa.
OcHamennocTs: Kanuensapckue npuHa e KHOCTH.
KoHTpoJIbHBIEC BOITPOCHI:
1. Yro takoe marpuna?
Kak npousBoasaTcs neiicTBUs HaJ MaTpUuLiaMu?
UTo Ha3BIBAIOT OMPEIETUTEIIEM BTOPOTO, TPETHETO MOopsiaKa?
Kakumu cBolicTBamMu 001a/1ae€T ONPEICTUTEND?
Yro takoe CJIAY?
Kaxkas cucrema Ha3bpIBa€TCs COBMECTHOM, pa3peliuMoit?
B uewm 3akmrouaercs anroputm metona Kpamepa?

Noakown

MeToanyeckue yKa3aHus
Kpartkas Teopus
Ipamoyzonvrou mampuyeti pa3Mepa m n Ha3bIBAETCS COBOKYITHOCTh MN YUCEII,
PacIoI0KEHHBIX B BUE MIPSIMOYTOJIBHOM TaOIHIIbI, cOAepkKaIleld m CTPOK U n cTONOI0B. MBI
OyJ1eM 3amuchIBaTh MaTPUILY B BHUJIC

dyp g - dpy,

a = - |
21 =22 in
J'i=

aml ami amn (1)
Onpenenurenn. CBOWCTBA OIPEAEIUTEIEH.
OmnpenenuTeneM BTOPOro NOPSIKA MATPULBI A Ha3bIBACTCS YUCIIO, PABHOE dy; - Ay — 4y * Ay

Ay Ay
OnpenennureneM TPETHETO MOPSAKA MATPUITBI A Ha3bIBACTCS YUCIIO, PABHOE
a;; dyp Ay

|A| a1 Gy o3| = Ayyyplag + Ayplpglyy + dygly Qg — UyglpQyy — Ay Aogls, — Uip0n Ay

a3 dgp dgg

Ceoticmea onpedenumerei

1. Onpenenurens He MEHAETCS IPU TPAHCTIOHUPOBAHUU.

2. Ecniit o1Ha M3 CTPOK ONPEICTHUTENSI COCTOUT U3 HYJIEH, TO ONPEIeTUTENh paBeH HYIIIO.

3. Ecnu B onpenienurene NEpeCcTaBUTh JABE CTPOKH, ONPEAETUTEb TIOMEHSET 3HaK.

4. OnpenenuTens, CONEPKAIINi IBe OJJUHAKOBEIE CTPOKH, PaBEH HYJIIO.

5. Ecnu Bce aeMeHThl HEKOTOPOH CTPOKH ONpPEeTUTeNsl YMHOKUTh Ha HEKOTOpoe uucio k,
TO caM OTpeAeNUTENb YMHOXKUTCS Ha k.

6. Onpenenurenb, COASPKALINMA JIBE MPOMOPIUOHAIBHBIE CTPOKH, PABEH HYIIO.

Cucmema nunetiHbIX YpasHeHUull UMEET BUL:

i X1 +amXe +..+ammXn= by,
1 X1 +anX2 +..+axnXn= by, (1)
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dm1 X1 + am1 X2 +... ¥ mnXn = bm.

3nech aiju bi (i = 1,em: j= 1,7 ) - 3aJ1aHHbBIC, & Xj - HCM3BECTHBIC JACHCTBUTEIHHBIC YUCIIA.

YnopsiioueHHast COBOKYITHOCTh N BEIIECTBEHHBIX YuCel (C1, C2,..., Cn) HA3bIBACTCS
peuwieHuem cucmemul (5.1), ecau B pe3ysibTaTe MOJCTAHOBKU 3TUX YHUCE]T BMECTO
COOTBETCTBYIOIIUX MEPEMEHHBIX X1, X2,..., Xn K&XKJI0€ YPAaBHECHHE CUCTEMBI 0OPAaTUTCS B
apu(pMeTHIECKOE TOKIECTBO; APYTUMH CIIOBAMH, €CIM CymiecTByeT Bektop C= (c1, C2,..., Cn)"
Takoi, uro AC [ B.

Cucrema (1) Ha3bIBaeTCsl cO6MECmHOU, WIH pa3peuiuMoll, €CI OHa UMEET 10 KpallHel Mepe

ozHO peuieHue. CucTeMa Ha3bIBACTCA HECOBMECHHOU, NN Hepa3peuumoli, €CIu OHa HE UMEET
peLICHU.

Marpuna
dyp Ay -8y O
- la., a....2 b
21 &2 an 92
Jq. =
a1111 amﬂ amn bIIl

o0Opa3oBaHHas MyTeM MPUIHCHIBAHHS CIIpaBa K Marpuie A kod3hUIeHToB cToaodna
CBOOOJHBIX YICHOB, HA3bIBACTCS PACUUPEHHOU Mampuyell Cucmemsi.
Teopema Kponexepa-Kanennu. Cuctema JTUHEHHBIX YpaBHEHUH COBMECTHA TOTA U TOJIBKO
TOrJa, Koraa panru matpui A ul]A coBnaaawT, T.e.
r(A) =r(LA) =r.
Metoa Kpamepa
Haxonum erasnuiiionpedenumens cucmemul, T.e. onpeaenntens marpuisl A: [ = det (ajj)

¥ n ecnomozamenshuix onpederumeneiilli (i=1:# ), koTopsie momydaoTcs u3
onpeneauTens [ 3aMeHOM 1-ro ¢TI0 CTOI0IOM CBOOOIHBIX YJICHOB.
Ecnu riiaBHBIN onpeieuTenh CHCTEMbI OTJIMYEH OT HYJIS, TO CHCTEMa UMEET STUHCTBEHHOE
pelieHue, onpeesieMoe Mo GopMyam: xi= Uil 0.
Ecnu riaBHbIM onpeieuTeNb CUCTEMBI [ 1 BCe BeromMorarenbhbie onpeaenureau [1i= 0 (i=

L ), TO CUCTEMa UMEET OECUMCIEHHOE MHOXKECTBO pelieHui. Eciv ri1aBHbIi onpenenuTenb
cuctemsl [ =0, a X0Ts ObI OZJMH BCIOMOTaTeNbHBIN OMPEAeTUTENb OTJIIMYEH OT HYJIS, TO
CUCTEMa HECOBMECTHa.
ITpumep 5.2. Pemuth MeTogoM Kpamepa cuctemMy ypaBHEHUMN:
5x; +3x, =12,

2x, —x, = 1.

Pewenue. I'maBHbIN ONPEACIUTEND 3TOW CUCTEMBI

5 3
A= =-11+#0,
2

3HAYUT, CHCTEMA UMEET €INHCTBEHHOE pelICHUE. BpIUMCIUM BCIIOMOTaTelIbHbIE
onpeaenutenu 11 u [z, momyyaroniyecs U3 onpenenautens [ myrem 3aMeHbl B HEM cTOIONA,
COCTOALIETO U3 KOAPPHUIHUEHTOB MPH Xij, CTOJIOIOM U3 CBOOOTHBIX YJICHOB:
12 3 5 12
A= =-33 u A, = =
— 2 7
Orcroma x1 = [1/[1 = 3, X2 = [12/[] = -1, pemenne cuctemsr - Bektop C=(3, -1).
Meron I'aycca
CyniHoCTh 3TOro MEeToia COCTOUT B TOM, YTO IMOCPEACTBOM MOCIEA0BATEIBHBIX
VCKJIIOYEHHUH HEN3BECTHBIX JaHHAs CUCTEMA IIPEBPAIIAETCS B CTYIEHYATYIO (B YaCTHOCTH,
TPEYTOJIbHYI0) CUCTEMY, PABHOCWIHHYIO TaHHOM..
ITpumep 5.4. Pemuts cucteMy ypaBHEHMH MeTooM [aycca:

11
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X+y-3z=2,

Pewenue. BommuiieM paciinpeHHY0 MaTpUIly TaHHOM CHCTEMBI

3X-2y+z=-1,

2x+y-2z=0.
1 1-3 2
3-2 1-1
2 1-20

U TIPOU3BEJIEM CIIeIyIOIUE 3JIeMEHTapHble IPeo0pa30BaHus HaJl €€ CTPOKAMMU:
a) U3 ee BTOPOIl U TpeTben CTpOK BBIYTEM HepBon YMHOXEHHYIO COOTBETCTBEHHO Ha 3 U 2:

1-3 2
- 1-1 0-510 -7
1-20

-3 2

0) TpETbIO CTPOKY YMHOXUM Ha (-5) U HpI/I6aBI/IM K HEW BTOPYIO:

BHUJLY:

W3 nocnennero ypaBHeHust HaxoauM z = -1,3. [loxcTasisist 370 3HaU€HHUE BO BTOPOE

11 -3 2
0-5 10 -7

0 0-10 13

B PE3YIbTATC BCCX DTUX Hp€06pa30BaHI/Iﬁ JaHHast CUCTEMa NPHUBOJAUTCA K TPCYTOJIbBHOMY

X+y-32=2,
-5y +10z = -7,
-10z = 13.

ypaBHEeHHE, uMeeM y = -1,2. Jlanee u3 nepBoro ypaBHeHHUs NOIYyYUM

x=-0,7.

3ananme 1: Perute MeTonom Kpamepa (1o Bapuantam):

2x5 +5x, +x, =3,
1)< 2x, +9x, +5x, =12,
—x; —3x, +2x, =9.

2x, +x, =5,
4)< x, +3x, =16,
5x, —x, =10.

X, + X, +x; =22,
7)s3x; +2x, +x, =47,
x;, +3x, —x, =18.

—3x, +2x, +4x, =5,
10)4 2x, —4x, —3x, = —6,
X, +6x, + x, =17.

Xoa padoThI:

7. V3yunTh KpaTKyIO TEOPHUIO, OTBETUTh HA KOHTPOJIbHBIE BOIIPOCHI.
8. BBIMONHATE yKa3aHHBIC 3a/IaHUS.

9. Cnenath BBIBOJIBI O NPOJIEIAHHOM paboTe.

2x, —3x, + x5 =—1,
2)<3x; +4x, +2x; =-1,
2x, —4x, =-5.

X, +x, —2x, =6,

5)< 2x, +3x, — 7x, =16,
ox; +2x, +x; =16.
X, +2x, +3x; =2,
8)< 2x, +3x, —4x, = -5,
3x; +x, +x3 =3.

Ix, +5x, + 2x, =3,

11)1 2x; +9x, +5x; =12,

x; +3x, —2x; =-9.

7x; +2x, +3x; =15,
3)<5x; —3x, +2x, =15,

3x, +2x, + x; =5,
6)< 2x,
x, +5x, =-3.

- X, + X, =6,

6x, +x, +3x; =1,
9)<—2x, —5x, +2x; =6,
3x, +2x; =1.

3x, +2x, — 2x; = -2,
12)4 x, + x, + x5 =0,
2x, —3x, —3x, =10.

10x, —11x, + 5x, = 36.

29



2x, +x, +x;, =3, X, +2x, —x5 =1, 2x;, —=5x, —x; =-1,
13)<x; +2x, + x5, =0, 14)<3x, +4x, — 2x, =1, 15)<3x; +x; =4,
X, +x, +2x; =9. S5x; +x; =-1. 4x, +x, +2x; =-5.
3x;, —2x, +4x; = -5, X, +2x, =-1, X, +2x; =1,
16)<x, — 2x, =4, 17)1—3x, +x; =2, 18)<3x, +x; =1,
2x;, —x, + x5 =-1. X +x, +x;=1. x, —o5x, =0.

IMpakTnyeckas padora Ne 8

Tema: Beruucnenue o0paTHOil MaTPHUIIBL.
I{ens paboThI:
1. Ompabomams HaBbIKU GLINOIHEHUS MAMEMAMULECKUX 0elicmB8Ull Ha0 MAmpuyamu.
2. OTpaboTaTh HABBIKU BBIYUCIICHUS OMPEACIUTENCH.
OCHAaIIEHHOCTD: KaHIEISPCKUE MTPUHAIIICKHOCTH, KAIBKYIISATOP.
KoHTponbHbIE BONIPOCHI:
1. Yro Ha3zwIBatoT MaTpuiei?
2. Kakwue ObIBarOT MaTpHIlbI?
3. Kak BeimonHsTh apudmMeTnueckue NeiHCTBUS HaJQ MaTpUIiaMu’?
4. CnocoObl BEIYUCICHUS OMPEICIUTECH.
MeToanyeckue yKkazaHus
( KpaTkas TeopwHs)
Mampuyeri Ha3bIBa€TCSI MHOXXECTBO YHCEN, OOPa3yIOUIMX MPSMOYTOJbHYIO Ta0iHIy,
KOTOpasi COAEPKUT M CTPOK U N CTONOIOB.(MXN — pa3Mep MaTPHIIbI).

Bunel matpui: npsMoyroiasHele(m>n, m<n), KBaJpaTHble(m=n).

Matpuiibl MOKHO CKJIaJIbIBaTh, BBIUUTATh, YMHOXKAaTh HAa UYUCIO U MEPEMHOXaTh. JeauTh
MaTpHIIBl HEITb341.

ay; Gy Ay
A, Gy Q3 | ;DIEMEHTHI d,;,d,,, dgg,..., Ay, - HA3BIBAIOT [NIABHON MArOHAJBIO.
A3 A3y dgg

[ToOouHas nuaroHandb NPOXOJUT, Y€pe3 BEPXHUU IMpaBblii MU HWKHUN mpaBblid yrisl. [Ipu
CIOXEHUH (BBIYUTAHUM) MATPHIl, CKIAIBbIBAIOTCS (BBIYUTAIOTCS) TOJIBKO DJIEMEHTHI, CTOSIIME Ha
OJIHUX MEcCTax, T.e. a111tB111 T.1I.

[Tpu ymuHOXkeHUN nByX MaTpull AxB, momyuyaetrcs HoBas Matpunia C Takasi, 4To Cij=ai1XB1,
+2i2%B2j +....+ainxBnj ,T.e. Cij pPaBHO CyMM€ D3JIEMEHTOB I- Ol CTpOKHM MaTpuilel A Ha
COOTBETCTBYIOLINE JIEMEHTHI J-I'0 CTONOIA MATPHIIBI B.

[TonsTHE ONpedenumensn TECHO CBA3aHO C MIOHATHEM KBaJApPATHON MaTPHIIBL.

Onpeodenumens KBaipaTHOM MATPHUIIBI — 3TO YUCIIO, IIOCTABIEHHOE B COOTBETCTBUE JIaHHOU
MaTpPHIIBL.

iy Gyp Qg
A=d=det A=|a,, a,, a,
d3; dzp dg

Brruucnienue onpeaenurenei:

2. OnpenenuTens BTOPOTO MOPSIKA paBEH PA3HOCTH NMPOU3BEICHHUIA DIIEMEHTOB TIIABHOU 1

MOOOYHON AUaroHaie.
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a4y

detA=

=aq1Ayy; — A0y, .

dy Ay
2.0npenenuTenb TPEThEro MopsAKa.

a) Brruucnenue onpeaenuTens TPETbEro MOPsAKA BRIOIHSAIOT MO MPABUIY TPEYrOJIbHUKA,
KOTOPOE M3JI0KEHO B YUeOHUKE U MOKET ObITh MPOWITIOCTPUPOBAHO PUCYHKOM.

«+» «=-»

B) Pasnoxxenuem mno snemeHTaM CTpokM wiM ctonbua. bosnee moapoGHO 3TOT crocod
U3JIaraercs B yueOHUKE.

a;; 4y dgg

Det A=la,, a,, anzallaz2 s —a, o a23+a13a21 22 , pasiioKeHue
d3; dg3 a3 Az as Qg
a3 4z dgg
OTIPEICITUTEIS 110 TICPBOM CTPOKE.
3ananmue 1.

1 2 3 31 4
1.A= 3 5,B=|4 5 3
1 2 4 11 3
1 2 -3 31 2
2. A= 3 s ,B=|4 6 3
1 2 4 1 2 3
1 -2 3 31 4
3. A= 4 5-B=l4 5 3
4 2 6 113
3 4 3 31 4
4. A= 43 _5"B=|4 5 3
1 2 4 113
1 2 4 31 4
50A=|4 6 5|,B=|4 5 3
1 3 4 1 1 3
1 2 3 3 4 2
6.A=14 3 5,B=4 6 3
1 2 4 1 5 3
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1 3 2
10. A= y B=| -3 -2
1
1
3anganue 3.
12 3
l.a)|1 3 :
B4 2 3
-1 2
2 3 4
1 3 4
2 4
2.2)2 4 5 5 4,
1 5
3 1 3
1 3 4
2 5
3.3) o2 -2 1
-1 5
3 1 3
1 3 4
4.a)|2 4 .
62 -2 1,
-1 -5
3 1 3
5.A)2 4‘ 1 3 -1
62 -1 1
13
3 1 -3
6.8.)2 4 1 -3 4
‘ ‘,6)2 -2 1
1 6
3 1 4
T.a), 4 [F 3 -4
‘ ‘,5)2 2 1
-2 5
3 1 -1
1 3 5
8. A)2 -3 .
62 -2 1,
1 5
3 6 3
1 3 4
.a)l2 -6 .
9a)1 B2 -4 1,
3 -2 3
10.8.)2 7 14 4.
‘ ‘,6)2 5 1|,
15
-3 1 3

Xon pa6oTsl:
1. ITo3HaKOMUTBCS C METOJMUECKUMH YKa3aHUSAMH.
2. 3amanus Nel (BapuaHT 1o HoMepy B >xypHaie): Haiitu: a) A +B, 6) A - B, B) 2A+3B; r) 3A-
2B
3. 3aganus Ne2 (BapmaHT 10 HOMepyY B xKypHaiue): Haiitu: a) A*B, 6) B*A
4.. 3aganus Ne3 (BapHaHT 0 HOMEPY B XKypHaje): BeIUUCINTD NpenokKeHHbIe ONpeIeuTeNN
(3amaHue 6 METOJIOM TPEYTOJIbHUKA U PA3JIOKEHUEM )
5. Cnenatb BBIBOA 110 paboTe U 0HOPMHUTH OTUET.

IIpakTuyeckas padora Ne 9

Tema: Pab6ota ¢ hopmynoi Kpamepa.
Lenu:
1. W3y4nTh NMOHSATHE MATPHUIIBI, JICHCTBUS HAJl MATPHUIIAMH.
2. HayuuTbCsi BBIYUCIATD ONPENEIUTENN BTOPOTO U TPETHET0 MOPSIIKOB.
3. U3yuuts metozs! pemreHust CJIAY.
4. Hayuutscs pemats CJIAY meronom Kpamepa.
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OcHamennocts: Kannenspckue npuHaaaeKHOCTH.
KoHTposbHbIE BOMPOCHI:
1. Yro Ttakoe marpuna?
Kak npousBoasTcs neiicTBus HaJ MaTpuLiaMu?
UTo Ha3BIBAIOT OMPEIETUTEIEM BTOPOTO, TPETHETO MOpsiaAKa?
Kaknmu cBolicTBamMu 001a/1aeT ONPEICTUTEND?
Yro takoe CJIAY?
Kaxkas cucrema Ha3bIBaeTCs COBMECTHOM, pa3pelinMoi?
B uewm 3akmrouaercs anroputm meroaa Kpamepa?

Noakown

MeTtoauyeckue ykazaHusi
Kpartkas Teopus
IpsamoyzonvHoti mampuyeil pa3Mepa m'n Ha3bIBACTCSI COBOKYITHOCTh MN YKCET,
PacIoI0KEHHBIX B BUIE MPSIMOYTOJIBHOM TaOIHIIbI, coAepkKalleld m CTPOK U n cTOIOOB. MbI
OyJeM 3amichiBaTh MAaTPUILY B BHJIC

dyp g - dpy,

a = - |
21 =22 in
J'i=

aml ami amn (1)
Onpenenurenn. CBOWCTBA OIPEACIUTEIEH.
OmnpenenuTeneM BTOPOro MOPSIKAa MATPUIIBI A Ha3bIBACTCS YUCIIO, PABHOE dy; - Ayy — 4y * Ay

Ay Ay
OnpenennureneM TPETHETO MOPSIKA MATPUITBI A Ha3bIBACTCS YHCIIO, PABHOEC
a;;  dyp  dgg

|A| =|a1 Gy o3| = Ayyyplag + Q1plpglyy + Uygly Ay — UyglpQyy — Ay Aogly, = dyp0n Ay

a3 dgp dgg

Ceoticmea onpedenumerei

1. Onpenenurens He MEHAETCS IPU TPAHCTIOHUPOBAHUU.

2. Ecniit o1Ha M3 CTPOK OTPEICTHUTENSI COCTOUT U3 HYJIEH, TO ONPEIeTUTENh paBeH HYIIIO.

3. Ecnu B onpenenurene NepecTaBUTh JIB€ CTPOKH, ONPEIEIUTENb TOMEHSET 3HAK.

4. OnpenenuTens, COIEPKAIINi 1Be OJJUHAKOBEIE CTPOKH, PaBEH HYJIIO.

5. Ecnu Bce a7eMeHThl HEKOTOPOH CTPOKH ONpPEeTUTeNs] YMHOKUTh Ha HEKOTOpoe yucio k,
TO caM OIpeAENUTENb YMHOXKUTCS Ha k.

6. Onpenenurens, CoOAEpPKAIIUi ABE MPOMOPIIMOHAIBHBIE CTPOKH, PaBEH HYIIO.

Cucmema nunelnbIX ypasHeHuti UMEET BUIL:

a1X1+awXe +..+anXn= by,
a1 X1+ axnX2 +..+ anXn= Dby, (1)

am1 X1 + am1 X2 +... + AmnXn = bm.

3neck aiju bi (i = L7 j = 1.#) - 3anannbie, a Xj - HeM3BeCTHBIE JEHCTBHTENbHBIC THCIIA.

ViopsimoueHHast COBOKYITHOCTD N BEIIECTBEHHBIX YUCEN (C1, C2,..., Cn) Ha3bIBAETCS
peutenuem cucmemsi (5.1), eCii B pe3yibTare MOJCTAHOBKH 3THUX YKCENl BMECTO
COOTBETCTBYIOIIMX ITEPEMEHHBIX X1, X2,..., Xn K&XKI0€ ypaBHEHHE CHCTEMBI OOPAaTHTCS B
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apudMeTHUECKOE TOXKIECTBO; APYTHMH CIOBAMH, €CIIH CyIecTByeT Bektop C= (c1, C2,..., Cn)"
takoi, uto AC [J B.

Cucrema (1) Ha3bIBaeTCsl cO6MECmHOU, WIH pa3peuiuMoll, €CII OHa UMEET 10 KpallHel Mepe
oniHO penienue. CrucreMa Ha3bIBACTCS HECOBMECMHOLL, WU Hepa3peuumol, eCIu OHA He UMeeT
peLICHU.

Marpuna

dyp Ay -8y O

- 8oy Boq.. A b
21 B an O3
A=

Bp18pz .. fgn bIIl

oOpa3oBaHHas IyTeM MPUIUCHIBAHUS CIIpaBa K Matpuie A ko3dduimenton crondua
CBOOOIHBIX YICHOB, HA3bIBACTCS PACUUPEHHOU MAmpuyell CUCmembl.
Teopema Kponekepa-Kanennu. Cucrema JIMHEHHBIX YPAaBHEHU COBMECTHA TOTA U TOJIBKO
TOrJa, Koraa pauru matpunl A ulJA coBnaaawr, T.€.
r(A) =r(LA) =r.
Meron Kpamepa
Haxonum erasuoiiionpedenumens cucmemol, T.€. onpeaeautess Marpuisl A: [ = det (aj)

U n ecnomo2amenvHulx onpedenumenetili (1= Lx ), KOTOPBIE MOJIYYaOTCSI U3
onpeneauTens [ 3aMeHOM 1-ro ¢ToI01a CTOI0IOM CBOOOIHBIX YJICHOB.
Ecnu riiaBHBIN onpeienTenh CHCTEMbI OTJIMYEH OT HYJIS, TO CHCTEMa UMEET STUHCTBEHHOE
peleHue, onpeenseMoe o GopMyam: xi= Uil 0.
Ecnu rimaBHbIM onpeieiuTeNb CUCTEMBI [ 1 BCe BeromMorarenbhblie onpeaeaurenn [1i= 0 (i=

Lz ), TO CUCTEMa UMEET OECUMCIEHHOE MHOXKECTBO pelieHui. Eciiv ri1aBHbIi onpenenuTenb
cuctembl [ =0, a XOTs OBl OJIMH BCIIOMOTATEIbHBINA ONPEACIUTENb OTIMYEH OT HYJIS, TO
CUCTEMa HECOBMECTHA.

IIpumep 5.2. Pemnts metogom Kpamepa cucremy ypaBHEHUN:

o5x; +3x, =12,

2x, —x, =1.

Pewenue. I maBHbIN ONPENEIIUTEND ITOW CUCTEMBI

5 3
A= =-11+0,
2 _
3HAYHT, CHCTEMa UMEET €JMHCTBEHHOE perieHne. Beraucimm BecomorarenbHble
onpenenurenu 1 u [z, moaydaronyecs U3 onpenenurTens [ myreM 3aMeHbl B HEM CToOIa,
cocTosiero u3 KodhGUIMEHTOB MPH Xi, CTOIOIIOM U3 CBOOOTHBIX YJICHOB:
12 3 5 12
= =-33 wu A, = =
- 2 7
Orcroma x1 = 1/ = 3, X2 = [12/[J = -1, pemenune cuctemsl - Bekrop C=(3, -1).
Meron I'aycca
CyIIHOCTB 3TOT0 METO/Ia COCTOUT B TOM, YTO TIOCPECTBOM MOCII€A0BATENBHBIX
WCKJTFOUEHHNI HEM3BECTHBIX JaHHAs CHCTEMa MTPEBpAIAeTCs B CTYNEHUYATYIO (B YaCTHOCTH,
TPEYroJibHYI0) CUCTEMY, PABHOCUJIBHYIO TaHHOH. .
[Tpumep 5.4. Pemuth cucteMy ypaBHEHH MeToAoMm ['aycca:

A, 11

X+y-3z=2,
3X-2y+z=-1,
2X+y-2z2=0.

Pewenue. Beimumem paclimpeHHY0 MaTpUIly JTaHHON CUCTEMBI
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1 1-3 2
3-2 1-1
2 1-20
U TIPOU3BEIEM CIIeIYIOIKE 3JIEMEHTapHble IPeoOpa3oBaHus HaJl €€ CTPOKAMHU:

a) U3 ee BTOPOIl U TpeTben CTpOI( BBIYTEM HepBon YMHOXEHHYIO COOTBETCTBEHHO Ha 3 U 2:

1-3 2 -3 2
- 1-1 0-510 -7
1-20

0) TpEeTbIO CTPOKY YMHOXUM Ha (-5) U HpI/I6aBI/IM K HEW BTOPYIO:

11 -3 2
0-5 10 -7

0 0-10 13

B pe3ynbraTe Bcex 3THX npeoOpa3oBaHuil JaHHAs CUCTEMa IPUBOIUTCS K TPEYTOJIbHOMY
BU]TY:

X+y-3z=2,
-5y +10z = -7,
-10z = 13.

W3 nocnennero ypaBHeHust HaxoauM z = -1,3. [loxcTasisist 370 3HaU€HKUE BO BTOPOE
ypaBHEeHHeE, UMeeM Yy = -1,2. Jlanee U3 nepBoro ypaBHeHHUs NOIYyYUM
x=-0,7.

Xoa padoThI:
10. U3y4nTh KpaTKyIo TEOPHUIO, OTBETUTH HA KOHTPOJIbHBIE BOMPOCHI.
11. BolnosHUTh yKa3aHHbIE 3aJaHUS.
12. Cnenatb BBIBOJIBI O MPOJICTIAHHOM paboTe.

3ananme 1: Peute Metonom Kpamepa (1o Baprantam):

2x3 +5x, +x; =3, 2x, —3x, + x5 =—1, 7x; +2x, +3x; =15,
1)< 2x, +9x, +5x, =12, 2)<3x; +4x, +2x; =-1, 3)<5x; —3x, +2x,; =15,
—x; —3x, +2x, =09. 2x, —4x, =-5. 10x, —11x, + 5x, = 36.
2x, +x, =5, X, +x, —2x, =6, 3x, +2x, + x; =5,
4)4 x, +3x, =16, 5)< 2x, +3x, — 7x, =16, 6)< 2x, —x, + x; =6,
5x, —x, =10. o5x; +2x, +x; =16. x, +5x, =-3.

X, + X, +x; =22,

X, +2x, +3x; =2,

6x, +x, +3x; =1,

7)s3x; +2x, +x, =47, 8)< 2x, +3x, —4x, = -5, 9)<—2x, —5x, + 2x; =6,
x;, +3x, —x, =18. 3x, +x, +x3 =3. 3x, +2x; =1.

—3x, +2x, +4x, =5, Ix, +5x, + 2x, =3, 3x, +2x, — 2x; = -2,
10)2x, —4x, —3x, =—6, 11)92x, +9x, +5x;, =12,  12){x, +x, +x, =0,

X, +6x, + x, =17. x; +3x, —2x; =-9. 2x, —3x, —3x, =10.

2x; +x, + x5 =3, X, +2x, —x; =1, 2x;, —5x, —x; =-1,
13)yx, +2x, + x5, =0, 14)<3x, +4x, — 2x, =1, 15)<3x, + x; =4,

X, +x,+2x;=9. o5x; +x; =-1. 4x, +x, + 2x; = -5.
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3x, —2x, +4x; =5, X, +2x, =-1, X, +2x5 =1,
16)x, —2x, =4, 17)1—3x, +x; =2, 18)<3x, + x; =1,

2x, — X, + x5 =-1. X, +x, +x,=1. x, —5x, =0.

IIpakTuyeckas padora Ne 10

Tema: Brrunciienue ¢ nomouisro meroaa ['aycca

LEJIb PABOTBI: u3y4uTh 1 nporpaMMHO peaan30BaTh HA SI3bIKE BHICOKOT'O YPOBHS METO]I
["aycca ¢ BEIOOPOM TIIaBHOTO JIEMEHTA MO CTOJOIY, MCCIEI0BATh €ro TOYHOCTh U

3¢ (peKTUBHOCTH HA TECTOBBIX 3aj]a4ax.

Meton I'aycca

K HEoO0X0IMMOCTH pellIeHNs CUCTEM JIMHEWHBIX anreOpanyeckux ypaBHeHui (CJIAY)
MIPUBOJIAT MHOTHE MPUKIIAIHBIC 3a1a9U GU3NUKH, PaTHOPU3NKH, IICKTPOHHUKH, IPYTHX o0IacTen
HaykH U TexHHUKH. [1o 3Toi mpuunHe pazpaboTke U ucciaeaoBanuio MeTo10B petenus CJIAY
yIeTSETCS MOBHIIICHHOC BHUMAHHUE.

s pemenus CJIAY ucnonb3yroTcst Kak IpsiMble METObI, TTO3BOJISIONIUE MTOTYYHUTh B
ClIydae OTCYTCTBHSI OIIMOOK OKPYIJICHHUSI TOYHOE PEIICHHE 32 KOHEYHOE, 3apaHee U3BECTHOE
KOJINYECTBO apH(PMETUUCCKUX OIepallyii, TAK U UTCPAIIMOHHBIE METO/IbI. MITepalinoHHbIC
METO/TBI UCTIOJNIb3YIOTCs [yt perteHus CJIAY Gonbmioro mopsiika, a Takxke Uil yTOUHSHUS
pEILICHHSI, TIOJTYYCHHOTO MPSIMBIMH METOIAMH.

W3 mpsSMBIX METOIOB MOMYJISIPHBIM Y BRIUUCITHTENCH sIBIIsIeTCss MeTo ['aycca (MCKITFOYCHHSI
NIEPEMEHHBIX ) C BEIOOPOM TJIAaBHOT'O (MaKCHMAJIBHOTO 110 MOJIYJII0) 3JIeMeHTa B cTojione. [Touck
TJIABHOTO DJIEMEHTA ITO3BOJISIET, C OJTHOM CTOPOHBI, OTPAHUYUTH POCT KOA((HUIIMESHTOB HA
KaXXJIOM IIare UCKIFOYCHUS U, CIIEJIOBATEIILHO, YMEHBIIIUTh BIUSIHUE OIMOOK OKPYTJICHUS Ha
TOYHOCTH PEIICHHUS, C IPYTOid, 00ECTICUUTH IS HEBBIPOKICHHBIX CUCTEM BBITIOJTHEHUE YCIIOBUS

g # 0 (OTCyTCTBME aBapUIHBIX OCTAHOBOB BCJICJICTBUE JICTICHUS HA HYIIb).

[TycTh 3a1aHa CHCTEMA JIMHEHHBIX AreOpanyecKuX ypaBHEHU
ap|xy + appXy + -+ ax, = by,

any|X) +anpxy +--+ay,x, = b2,

ApiX| + QX + -+ AypXy, = by (11)
HpOHeCC €C peHICHUA METOAOM Faycca JCINTCA Ha IBa 3Talla, Ha3bIBACMbIX COOTBCTCTBCHHO
MMpSAMBIM U O6paTHI)IM XOO0M.

Ha IEPBOM STAIl€ CUCTCMaA (1 . 1) MyTEeM MOCJICAO0BATCIIbBHOTO UCKITIHOYC-

HHS IEPEMEHHBIX 172> X1 CBOIUTCS K SKBUBAIIEHTHON CUCTEME C BEPXHEN TPEYTOIBHOM

MaTpuiei Ko3pPpHUIHEeHTOB:
X FUpXy FU 3N Uy X T U Xy = G

Xp tUp3X3 +-o- Uy 1 Xy T URX, =G0,

Xp—1 T Up—1nXn = qn-1>
Xn = 4n- (12)
Uckmrouenne nepemennon “* (K-i mar npsmoro xomxa I'aycca) BkarouaeT Berurcienue K-i
CTPOKHU TPEYTOJIBHON MaTPHIIBL:

k-1 k-1 T

(1.3)

k-ro cB0OOAHOrO YiieHa:
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k—1 k-1
g =5 a™, (1.4)
k+1,k+2,...,n:

ato = 4

npeoOpazoBaHue ypaBHeHUH cucteMsl (1.1) ¢ HoMepamu
k=1) (k-1 K _ (k=1 (k-1
I G N

i=k+lnw j=k+1n. (1.5)

B cootHomenusix (1.5) nepeMeHHO# BHYTPEHHETO IMKJIA SBJSIETCS |, IEPEMEHHOM BHEIITHETO
mukia — i. [TonHoe 4yrcino maros, 3a KOTOpOe BBIONHAETCS IpsiMoit xox ["aycca, paBHo N, T. €.

pacuetsl 1o Gopmynam (1.3) + (1.5) BeIIONHSIOTCS 1S k=Lln

Ha Bropom stane (oOpaTHsiii xoa ['aycca) pemarot cuctemy (1.2):

n —_
Xn =dn> X =49k — Z”ijj; k=n-11
J=k+l , (1.6)
HOCJIEN0BATENLHO ONPEENss HEU3BECTHBIE *n*¥n-l>w+ X1
Onucanue ajaropurma
AnroputMm pemenust CJIAY meromom ["aycca ¢ BEIOOPOM TIIaBHOTO JIEMEHTA IO CTOJIOIY

BBITJISAJIAT CJIEAYIOIIUM 00pa3oMm:

Aneopumm 1.1
1. ITpucBouts KOMIIOHEHTaM MaccuBa repectaHoBok IOR(K) mcxomHble 3HAYEHUS:
IOR(k)=k, k=Ln,
HPHHATE, ocie Toro, k=1,
2. Haiitn ungekc ?, nns koroporo
| @] =|ag |, m=IOR(p), [=IORG), i=k,n.
DTO MOXHO CAEeIaTh TaK:
2.1. ITonoxwnte AKK=0;

2.2. Berancuts B mpkie (L =5:1):
2921, ! =IOR() .
1. k]| < AKK

2.2.2. Ecmu la , TOo leperTu K 1. 2.2.1;
993 M=L p=i; AKK=lal.k]|

IOR(K) 4y IOR(P) goyy P# K-
IOR(p) = IOR(k); IOR(k)=M

3. IToMeHATh MeCcTaMH 3HAUCHHUS

U BBIOpaTh BEIYIIUN DIIEMEHT
AMAIN =a[M k]

Ecin AMAIN =0 10 ppritti u3 nporpammsl ¢ uHpopmanueii 06 ommbke (ZER =1),

4. VICKII04YMTh TIEpEMEHHYIO k¢ moMobio cootromenui (1.3) + (1.5) (mpsamoii xoxn Faycca):

4.1 alM, jl=alM, j]/ AMAIN;  j=k,n;
4.0 bM]=b[M]/AMAIN;

4.3. Beraucauts B ke mo i (1 =4+1L7):
4.3.1. 1 =1ORW:

4.3.2, al.jl=dll.jl-dll.kla[M. 1 j=k+Ln:
433, blI]=0oll]-al, K]p[Mm]

5. YBenuuuTh 3HaueHUe X Ha eJMHUILY ¥ BEPHYThCA K 1. 2, eciii 4 <7 pHave 3aBepIIMTh
NPSIMO XOJI, BEIYUCIIUB
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1=1I0R[n]; Bli]=0[)/dll,n]; x[n]=5]].
, TO BBIATH U3 POrpaMMBI ¢ coobmiennem ER =1,
k=n

Ecmu a[l,n]: 0

— LI (oGparusiii xox Faycca):

1= 10R[K]: <fk)=bl1]- Tt 1x]/]

J=k+1

6. BLIMOTHUTE B LIUKJIE IS

CrenaeM KOMMEHTAPUH K ONMCAHHOMY aroputMy. BeiOop Bemyiiero sneMenta “kk
npearnonaraeT NepecTaHoBKy cTpok cuctemsl (1.1). IIporpaMMHO 3TO HETpYIHO cAeNaTh,
NEPECTaBIIsAS COOTBETCTBYIOIINE CTPOKU MATPHIIBI KOA(P(PUIIMEHTOB U COOTBETCTBYIOLIHE
KOMIIOHEHTBI BEKTOpa CBOOOJHBIX WieHOB. I1000HYI0 onepaiuo MOXKHO 1 He BBIIOJIHATb, €CIIU
BBECTH BCIIOMOTATENIBHBINA OJIHOMEPHBII MaccuB nepectanoBok OR | [lepBoHavyanbHO B IyHKTE

IOR(k), k=1,n I0R(k)=k

1 aJIropuTMa €ro 3JICMCHTaM , IPUCBANBAIOTCA UCXOJHBIC 3HAYCHUS

a .
OO6paTUTHCA K SIEMEHTY ¥ MaTpuIlbl KO3(h(OUIIHMEHTOB ¢ IPUBJIEYEHUEM MACCHBA

all. j).1= IOR(k), TaK KaK II€pBOHAYaJIbHO
alt, j1.1=10R[k]

NEPCCTAaHOBOK, 3HAYHUT UCIIOJIb30BATH DJICMCHT

IOR(k)=k . Ecn IOR(k)=p , TO oOpaIieHue K dIeMeHTaM , IPUBOJIUT K

MCIONIB30BanuI0 K03 duientos © ~ ro ypasuenus cucremsl. Clie10BaTenIbHO, BMECTO

MNEPECTAaHOBOK CTPOK MATPUIbI KOB(I)(I)I/ILII/IGHTOB JOCTAaTO4YHO IMIOMCHATh MCCTaMU IOR[k] u

ORTP]  Takoit MOAXO0J] peaTu30BaH B MPUBEICHHOM aJTOPUTME IIPU BHIOOPE BEAYIIETO

9JICMCHTA.

BrI60p BeAyIErO dIEMEHTA O CTONIOIY 00ECIIEUNBAET BBINIOJIHEHUE YCIOBHUs Kk * 0, eclu

MaTpHIla pernaeMoi CucTeMbl He BbipoxaeHa. Coobmienue /ER =1 g mynkTax 3 u 5 anroputma
CBUJICTENHCTBYET O BHIPOXKICHHOCTH MATPHIIBL.

3aganue

1. Hanucatb, oTiaguTh W HccienoBaTh Ha 3agadax  (tabm.  1.1), mpemioKeHHBIX
npenojaBaresieM, MporpaMMmy YHCIEHHOTO PELIeHHMs] CUCTEM JIMHEWHBIX alnreOpanyecKux
ypaBHEHMI MeToioM ["aycca ¢ BBIOOPOM IJIaBHOT'O 3JIEMEHTA 110 CTOJIOLY.

2. BeucnuTh U1 KaKIOW 3ala4d BEKTOP HEBS3KM  (IUIs1 ATOTO 1O Havaja BBIOJHEHHS
npsmoro xoza ['aycca Marpuiry A u BekTop P HEoGXx0oamMMO coXpaHUTE)

F=Ax"-b
U OLEHUTh €ro HOPMY
o= max|F,|

1<i<n

Conepmaﬂne 3JIEKTPOHHOI'O OTYETA

1. Tekct nporpaMmsl.
2. 3ajaum, pe3yabTaThl UX PEIICHHS, BEIYUCICHHBIE 3HAYCHUSI HOPMBI BEKTOPA HEBSZKH.

Tabnuya 1.1

Ne Marpuna ko3 duuuenton A Bekrop
b
1 6 13 -17 2
13 29 -38 4
-17 -38 50 -5
2 1 2 1 1
-1 -2 2 1
0 1 1 2
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3 2.30 5.70 -0.80 -6.49
3.50 -2.70 5.30 19.20
1.70 2.30 -1.80 -5.09
4 2.75 1.78 111 15.71
3.28 0.71 1.15 43.78
1.15 2.70 3.58 37.11
5 8.64 1.71 5.42 10.21
-6.39 4.25 1.84 3.41
4.21 7.92 -3.41 12.29
6 | 2154 -95510 - -49.930
7 -91.065 96.12 -12.465
10.22 12.264 1 60.812
3 -
51.21 7.343
8 86.45
7
7 2.60 -450 -2.00 19.07
3.00 3.00 4.30 3.21
-6.00 3.50 3.00 -18.25
8 2.31 31.49 1.52 40.95
421 22.42 3.85 30.24
3.49 485 28.72 42.81
9 2.50 -3.00 4.60 -1.05
-3.50 2.60 1.50 -14.46
-6.50 -3.50 7.30 -17.73
10 | 0.14 0.24 -0.84 1.11
1.07 -0.83 0.56 0.48
0.64 0.43 -0.38 -0.83
11 | 2.74 -1.18 3.17 2.18
1.12 0.83 -2.16 -1.15
0.81 1.27 0.76 3.23
12 | 1.80 2.50 4.60 2.20
3.10 2.30 -1.20 3.60
451 -1.80 3.60 -1.70
Ne Matpuna kos¢ppuueHTo A Bexrop
b
13 2.0 1.0 -0.1 1.0 1.0
0.4 0.5 4.0 -8.5 2.0
0.3 -1.0 1.0 5.2 3.0
1.0 0.2 2.5 -1.0 -1.0
14 | 221 3.65 1.69 6.99 -8.35
8.30 2.62 4.10 1.90 -10.65
3.92 8.45 7.78 2.46 12.21
3.77 7.21 8.04 2.28 15.45
15 | 3.81 0.25 1.28 0.75 421
2.25 1.32 4.58 0.49 6.47
5.31 6.28 0.98 1.04 2.38
9.39 2.45 3.35 2.28 10.48

IIpooonscenue mabn. 1.1
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16 | 7.90 5.60 570 -7.20 6.68
8.50 -4.80 0.80  3.50 9.95
4.30 4.20 -3.20  9.30 8.60
3.20 -140 -890 3.30 1.00
17 | 0.158 1.1675 0.176 0.187 1.6471
2 0.2071 8 1 1.7471
0.196 0.2471 1216 0.227 1.8471
8 0.1254 8 1 1.5471
0.236 0.256 1.267
8 8 1
1.116 0.139 0.149
1 7 0
18 | 4.11 -1.26 -599 1.29 -0.75
-1.26 2.00 4.00 0.00 1.08
3.18 -1.97 049 -1.00 3.38
1.29 3.81 -1.56  0.00 0.87
19 1 1 1 1 10
1 2 -2 3 11
2 0 1 0 5
3 1 2 2 19
20 2 3 11 5 2
1 1 5 2 1
2 1 3 2 -3
1 1 3 4 -3

IIpakTnueckas padora Ne 11

Tema: [IporpamMmMmHas WiUIrOCTpanus METoAA
Lens:

1 x
TpeOyeTcst BBIYUCTUTD HHTETPAT: f 0 In Tox dx
x

Jns npuOnMKEHHOTO BBIUMCIIEHUSI MHTETpalla Yyalle BCEro MOABIHTETPAIbHYIO (PYHKIIMIO
3aMEHSIOT «OJIM3KON» el BcroMoraTenbHOM (yHKIMEH, MHTerpaja OT KOTOPOM BBIYMCIISETCS
QHWINTUYECKU. 3a MNpUOMMKEHHOE 3HAUYEHWE MHTErpaja IMPUHUMAIOT MHTErpajl  OT

b
BCIIOMOTaTeNbHON QpyHKIMH. B yacTHOCTH, €ciu NpY BBIYKUCICHUH I f (X)dx MO/BIHTErPAIBHYIO

a

byHKLHIO f(x) 3aMEHUTb MHTEPIOJSLMOHHBIM MHOTOWIEHOM BTOPOM CTENEHU, IOCTPOECHHBIM
1o 3HaueHUsAM QYHKIUH B TPEX Toukax a,(a+ b)/ 2,b, To momyuuTcs Tak Ha3piBaemas npocras
KBagpaTypHas popmyna CumrcoHa

f (0= r@+at( 222+ 1)+ =

a

rae R — ocrarounsii wren. Ecmn (X) HETpEpbIBHA Ha [a,b], TO

R=_[b—aj5 M) ¢cfan]

2 90

C yBenwueHuWeM MJIUHBI TPOMEXKYTKA WHTETPUPOBAHUS TOYHOCTH MPOCTON (HOPMYIIBI
Cumrncona B o0111eM citydae ObICTPO TajaeT.
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JIns  TOBBIIMICHUS TOYHOCTH HWHTETPUPOBAHMS TMPUMEHSIOT COCTAaBHYIO (OpPMYITy
Cumricona. Ytobbl Momyunts cocTaBHYl0 (opmymy CuMICOHa, pazobbeM OTpe3ok [a,b] ma
gétHOe N=2mM umcno orpeskoB mwmmbl h=(b—a)/2m. Ilyers X =a+ih, vy, = f(x),
1=012,...,2m. Ilpumenum mnpoctyto ¢opmyny CHMICOHA K KaXIOMY H3 OTPE3KOB
[XO,XZ], [XZ,Xl],...,[Xmez,XZm] bl 2h . Tlocie cyMMHUpPOBaHUSI MHTETPAIOB 110 BCEM OTpE3KaM
NoJIy4aeM COCTaBHYIO ¢opmyiny CumrcoHa

b
b-a
[ £ O ===V +2(Yz + Yo+ Vo o)+ A0+ s+ Yo )+ Yo )+ R
a
Anrebpanyeckuii mOpsAI0K TOYHOCTH GopMyibl CUMIICOHA paBeH TPEM. DTO 03HAYAET, YTO

OHAa TOYHA JUIsI MHOTOWIEHOB [JO TPETbEH CTENEHM BKIIOYUTENbHO. OIEHKa MOrpelHOCTH
(dopmynsl CUMIICOHA IO OCTaTOYHOMY wiIeHY R, 4acTo okasbiBaeTcs Manod(dexkTuBHOH u3-3a
TPYAHOCTEH OLIEHKU YETBEPTON MPOU3BOIHON TMOABIHTEIPATBHON (DYHKITHH.

Ha npaktuke npumensitor npasuio Pynre. Jljig 3Toro BeIOMpArOT 4uciao0 N KpaTHOE 2 U
BBIUUCIIAIOT NpUOMMKEHHOE 3HaueHue uHTerpana no Qopmyine CuMICOHa C ILAroM
h :(b—a) n (obo3Haunm 9310 mpuOMMKEHHOe 3Hadenue | ). 3aTeM  BBIUHMCISAIOT

npuOmkEHHOE 3HAaYeHHe uHTerpana mno ¢opmyne CHUMICOHA C HIarom h/2=(b—a)(2n)

(o603Hauum ero |,,).
b
3a npubmmwkéHHoe 3HadeHue | wHTErpana J.f(x)dx, BBIUKCJICHHOE TI0 (hopmyre

a
Cumricona ¢ nonpaskoi o PyHre, npuHuMaiot
I2n — In
15
[TorpemrHOCTh 3TOTO pe3ybTaTa MPUOIKEHHO OIICHUBAIOT BEJIMUYUHOW A = | I, - In| /15.

=1, +

Metoa I'aycca
['ayccoM ObUIM TOCTPOEHBI KBaApaTypHble (OPMYJIbI HAWBBICIIETO alIredpanyeckoro

nopsijika TouHocTH. B kBagpatypHoit popmyie ['aycca
1

jf(x)dxggm(xi)

-1
Y3IBI X;, X,y X, ¥ KOIQPurentsr A, A, ,..., A, momoOpansl Tak, 4To0sl Gopmyna Obuia

TOYHA ]Il BCEX MHOTOWIEHOB cTereHn 2N —1. MoXHO mokas3ark, 4TO €Cli N — YHCIIO Y3JI0B
KBaJpaTypHOH (opMyibl, TO €€ anreOpandeckuii MOPsIOK TOYHOCTH HE MOXKET OBITh BBIIIE
2n—1. [lns npuOamKEHHOTO BBIYUCIICHHUS HHTETPalIa MO0 KOHEYHOMY OTpPE3KY [a, b] BBITOJIHAEM

3aMEHy IIEpEeMEHHOU t = (a + b)+ 2+ (b - a) X/2; Ttorma kBamparypHas ¢Qopmyna Taycca
IIPUHUMAET BUJ

Tf(t)dt;b;z""izl:m(ti),

rre t, =(b+a)2+(b-a)x/2; x

. — y3mbl KBajaparypHoil Qopmynsl [aycca; A —

rayccoBsl ko dunuenTsr; i =1,2,...,Nn.

MosxHO moKa3aThb, YTO Y3JIbl X; KBaapaTypHbIX (opmyn [aycca SBISIOTCS KOPHSIMH
MHorowieHoB Jlexanapa crtemenun N. Hanpumep, mpu N=2 a1 y3oB X, MOJIy4aem
X :—]/ J3 ' X, :]/ J3. IIpu stom A =A,=1. Takum oOpazom, KBajpaTypHas (opmyia

I'aycca
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frgoc - L)oo )

UMeeT TakoHl ke anredpanyeckuil MOpsSAOK TOYHOCTH, 4yTO U (opmyna CHUMIICOHA, HO
TpeOyeT BHIYMCICHHUS IOBIHTETPATIbHON (PYHKIIUHU TOJIBKO B JIBYX TOYKAX.

Ecnu monpiHTerpanpHas (QyHKUMS JOCTATOYHO TUIajKas, TO KBajparypHas ¢opMmyla

["aycca obecrieunBaeT O4E€Hb BBICOKYIO TOYHOCTH MpPH HEOOJBIIOM YHCIE Y3JIOB, TaK KaK JUis

norpemHoctd R, dopmyna ['aycca ¢ N y3nmamu cripaBe/uinBa OLCHKa

- b-a(b-a 2 (2n)
|R"|=2.5\/ﬁ£7j LA

KoHupl oTpe3ka MHTErpupoBaHUs HUKOTAA HE BXOAAT B 4HClO y370B (opmyn ['aycca.
[Toaromy dopmynsl [Maycca ymoOHBI I BBIUMUCICHHS HECOOCTBEHHBIX HMHTETPAJIOB OT
HEOTpaHUYEHHBIX (DYHKIUH, €Cliid 0cOOble TOYKU MOABIHTErPAIbHON (QYHKIIUMU JIeKaT Ha KOHIIAX

oTpeska uHrerpupoBanus. Tak, popmynsl ['aycca mo3BOISIOT BHIYUCIUTH HHTETPAl J.—dx

N

TO BpeMmsi Kak (opmyna CHMIICOHA 3/ieCh HEIIPUMEHHMA. BIIOK-CXeMa BhIYMCIICHUS HHTErpalia 1o
dopmyne Taycca ¢ Bocembro y3mamm: X =—X; =-0,96028986, A =A, =0,10122854;

X, =—X, =—0,79666648, A, = A, =0,22238103; X, = —x, =—0,52553242 ;
A, = A, =0,31370664; x, =—x; =-0,18343464, A, = A =0,36268378.

PesyabTaTsl:

1) dyst metoga CUMIICOHA MOTYYEHbI pe3ybTaThl JIs1 YUCEN pa30ueHUIA:

Ne | Yucno pa3zbuenuii | 3HaueHue UHTErpaia ITorpemnocTs
1 100 -0.520721 0,000181323

2 200 -0.521986 9,03818e-005
3 400 -0.522617 4.51212¢-005
4 800 -0.522933 2.25432e-005
5 1600 -0.52309 1.12673e-005
6 3200 -0.523164 5.63255e-006
7 6400 -0.523209 2.816e-006

2) Beruncnenue no kBagpatypHoil popmyie ['aycca gano 3HaueHrne HHTerpaa:

-0.523248

BeiBoa:

W3 monydeHHBIX pe3yJlbTaTOB BHUJHO, YTO 3HauyeHuss Mmeroa [aycca sBusercsa Oosee

TOYHBIM U TPeOyeT MEHbBIINX BHIUMCIUTENBHBIX 3aTpaT MO CpaBHEHHUIO ¢ MeToaoM CHUMIICOHA,
OJIHaKO TpeOyeT 3apaHee BBIYMCICHHBIX [ aycCOBBIX KOA(PGUIIMEHTOB [JIs 3aJIaHHOTO YHCTIa

y3JI0B.

IIpakTnueckas padora Ne 12
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Tewma: Pemenue cucteMbl METOIOM IIPOCTBIX UTEpaLUid

[enb: M3yuenue MeTo1a MpOCTHIX UTEPALIUM.

BeimonauTts B cpene MathCad, Excel Haxoxaenne kopHel ypaBHEHUI:
1) x2-cos(I1x)=0- KoMOUHMPOBAHHBIM METOIOM (XOPJI M KACATEbHBIX)

2) x3 + 3 x? -2= 0 - MeTo10M XOpAI.

MeTobI XOpA M KacaTeNbHBIX JA0T IPUOIMKEHUS ¢ pa3HBIX CTOpOH. [loaToMy nx gacTo
IPUMEHSIIOT B COYETaHUU APYT C IPYrOM, U YTOUHEHUE KOPHS IIPOXOIUT ObICTpEE.
[Tyctp nano ypaBaenue f(x)=0, KOpeHb O OT/IEJIEH U HAXOAUTCS Ha OTpe3Ke [a,b].

[TpumerrM KOMOMHHUPOBAHHBIA METOJl XOpJ U KacaTeNbHBIX C y4ETOM THIIA rpaduka
GbyHKIHH.
£(x)- £"(x) <0

Ecnu , TO METOZIOM XOP/I MOJTy4aeM 3HA4€HHE KOPHs C U30BITKOM, a

MCETOAOM KaCaTCIbHBIX C HCAJOCTATKOM.

£/(x)- £"(x) >0

Ecmu TO METOJOM XOpJA TOJy4aeM 3HAueHHE KOpPHSI C
HEJOCTAaTKOM, & METOJIOM KacaTeIbHBIX C H30BITKOM.

Pacemorpum ciywait, xorma f '(x) < 0, f "(x) > 0, To co CTOpOHBI KOHIIA a JEXaT
npUOJIMKEHHBIC 3HAYCHUST KOPHSI, ITOJIyYSHHBIE TI0 METOY KacaTelIbHBIX, a CO CTOPOHBI KOHIIA b

- 3HAYCHUS, TTOJTYUYCHHBIC 110 METOAY XOPU.

y AD
A‘l
. 2 bE bl bU
a aﬂ};\[\u X
n "1z
B
2 By B,

I/IJ'IJ'IIOCTpaI_II/ISI KOM6I/IHI/IpOBaHH01"O METOJa

Torna
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_f(@) _ f)b-a)

T =)@

Tenepr UCTUHHBIA KOpEeHb O HAXomWTCs Ha uHTepBasie [ai,bi]. Ilpumenss x 3Tomy

MHTEpBATy KOMOMHUPOBAHHBIN METO/I, OJIy4aeM:

_f@) _ ()b -2a)

L=8 ) "= ) - fa)

# BOOOIIIE

q —g - 1&) o _p _ f®)b -a)
"ot f(a) " f(h)-f(a)

Jns ciydas, korga f'(x)-f "(x) > 0, To paccyxnas aHAJIOTMYHO, TOJYYUM CIEAYIOIINE

(bopMyJIBI ISl YTOYHEHUSI KOPHSI YPaBHEHUSI:

anrl — bn _ f (bn) aml — an . f (an)(bn B an)
f'(b,) f(b)-1(a,)
Pyunoii cuer B MathCAD.

Nmeem ypasrenue: x2-cos(ITx)=0

1) OtnenseM KopHU rpaduyecKH.

v == — cos (%)
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Mpb1 nmoctpownu tpaduk ¢GyHkimu y=f(x) mis ypaBHeHus Buna f(x)=0. 3HavyeHHs

ocbto OX. OueBUAHO, UTO YPAaBHEHUE UMEET KOPEHb, KOTOPbIN IPUHAJIEKUT OTPE3KY:

[0;1]. ByneM yTOYHSTH 3TOT KOPEHb.

2) Cy3PIM OTPE30K METOAOM ITOJIOBUHHOI'O ACJICHUS:

(xopenb Oynem 00603HayaTh OYKBOIA C):

y(x) = x* — cos(7x)
y(0)=-1
y®) =2
y(0,5) =0,25 = c €[0;1]

y(0,25) = ~0,645 = ¢ € [0,25;0.5]
y(0,375) = —0,242 = ¢ € [0,375;0.5]

} = y(0)y@d) <0=c [0]]

JlinHa otpeska nokanu3anuu KopHs 0.125
3) [IpoBepum ycrnoBuUsI TEOPEMBI:

D(y):xe R.

y(0,375) - y(0,5) < O.
Y'(X) = 2X + 7z sin(7zzXx)
y"(X) = % cos(zx) + 2
g(x) =Yy’

h(x) =vy”

JNEHCTBUTENbHBIX KOPHEW ypaBHEHUS SBJISAIOTCS abcuuccamu nepecedeHus rpaduka GyHKIHH C
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y(9) =% —cos(n-x)

g = %(y(x) S 2x+ -sin(m-X)

d? 2
h(X := —2y(x) —> 1 -c0S(m-X) + 2
dx
y() 5 Lo
O W Sl e ORI
""" - . 10 1 2
h(x) :
— 51
-106-

Clle1oBaTElbHO y'(X) >0 npuVx €[0,375,0,5] y"(x) >0 npu vx €[0,375,0,5]

4) YTouHeHue KOpHs KOMOMHUPOBAHHBIM METOIOM:

X0:=0.37'

X01:=0.!

y(xQ-(0-x0) _
Y(x0 ~y(x0)

y(x0) _
g9(x0)

|x1—x11] — 0.00314546580038C
y(xD-(x1 - x0) ~0

X1:=x0—- 436

x11:=x01 - 0.44

X2:=x1-— 438
y(xD) —y(x0)
wol=x11— YO _ 0 438
g(x1D

|x2—x21 — 0.00004909260250
X2 - x21| < 0.0001

CrnenoBaTenbHO KOPHEM ypaBHEHUs OyaeT x =0,438+0.0001



Pacuyer B Excel.

No X x' f(x) f(x') f'(x") e
0 0,375 0,5 -0,24206 0,25 4,141593 0,003145
1 0,436491 0,439637 -0,00767 0,004778 3,964546 1,86E-06
2 043843 0,438431 -4,6E-06 2,81E-06 3,959871 6,51E-13
3 0,438431 0,438431 -1,6E-12 9,83E-13 3,959868 0

dopmyna B stueiike B3: =B2-((D2*(B2-C2))/(D2-E2))

®opmyna B siueiike C3:= C2-(E2/F2)

dopmyna B siueiike D2: =B272-C0OS(3,141592654*B2)

dopmyina B stueiike E2: =C2/2-C0OS(3,141592654*C2)

®opmyna B suerike F2: =2*C2+3,141592654*SIN(3,141592654*C2)
dopmyina B stueiike G2:=ABS(C3-B3)

Takum 06p330M, TI0JTy4aeM pelIeHHE: X = 0,438 +0.0001 ]

Meton xopa.

Pyunoii cuer B MathCAD.
Nmeem ypaBHeHHE:
X34+3x2-2=0

1) OTtpaensieM KOpHU aHATUTUYECKH:

bynem yrounsaTs kopeHb Ha oTpeske [0;1]

3 2
Oyuxius Y = X +3XT -2 g orpeske [0;1]:
1) HeTpepbIBHA
2) y(0)*y(1)=-2*2<0

2) Cy3uM OTpe30K METOJI0M MOJOBUHHOI'O JETICHUS:
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y(x) =x*+3x* -2
y(0) =-2
y) =2
y(0,5) = 1125 = ¢ e [0,51]

y(0,75) = 0,109375 = ¢ [0,5;0,75]
(0,625) = —0,583984375 = ¢ <[0,625:0,75]

} = y(0)y() <0=ce[0]

JlinHa otpeska Jokanu3auuu Kopas 0,125

3) YcioBus TEOpEMBI:

IToctpoum rpaduk yHknuu, TpaduK TMEpBOH MPOU3BOIHOM,

pou3BoAHOM Ha oTpeske [0,625;0,75]:

y(x} = x3 + 3-x2 -z
d 2
X i=—Yy(X) — 3X + 6>
9 OIXy()

d2
h(X := —2y(x) — 6:x+ 6
dx

i
]
{
{
v 5 5/
oo kY
oW e L
IR T T
. |
— 51
-16"

rpaguk BTOpOI

Ob6nacte ompeaeneHuss (YHKIUU y(X) — BCe ACHCTBUTENbHBIE YHUCNA, 3TO BHUIHO W3

nepBoro rpaduka.

y(0,625)*y(0,75)<0
y’(X): 3'X2 +6'X

y”(x): 6'X +6
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Ortcroma BUAHO, YTO TepBas mpou3BoAHas Ha oTpe3ke [0,625;0,75] Oompiie Hyas u

BTOpasi mpousBojHas Ha orpeske [0,625;0,75] Gombme Hyns. Tak xak y(b)>0 u y’’(b)>0, To

TOYKa b ABIgETCS HCHOHBH)KHOﬁ.

3) YTouHEHHE KOPHSI METOJIOM XOP/I:
a:=0.62! b:=0.7
cl ::a—M =0.73
y(a) —y(b) |a —c1| — 0.10528169014084
y(cl)-(cl —Db)
2:=cl - —————= =0.732 |cl — 2| — 0.00174191433822¢
y(c1) —y(b)
y(c2)-(c2 - b)
3:=2 - ————==0.732 2 —c3| — 0.00002678528124¢€
y(c2) —y(b) | |
CrnenoBarenbHO KOPEHb
x =0,73205+0.0001
Pacuer B Excel
Neo a b f(a) f(b) C e
0 0,625 0,75 -0,58398 0,109375 0,730282 0,107024
1 0,730282 0,75 -0,0106 0,109375 0,732024 0,001769
2 0,732024 0,75 -0,00016 0,109375 0,73205 2,72E-05
3 0,73205 0,75 -2,5E-06 0,109375 0,732051

®opmyna B stueiike D2: =B2/3+3*B2/2-2

®opmyna B siueiike E2: =C2/3+3*C212-2

dopmyina B stueiike F2:= B2-((D2*(B2-C2))/(D2-E2))
dopmyna B stueiike G2:= ABS(B2-F3)

Taxust ofpason, monysaen pemere; X = 0:73205%0.0001

YpaBHEHUS

[IponenaB paHHyro JnabopaTopHyl0 paboTy, s H3y4yWwsia JBa METOJa pellieHus

HpI/I6J'II/I)KeHHBIX u anre6pqueCKHX ypaBHeHPIfIZ METO XOpa U KOM6HHHpOB3HHLIfI MCTO/.

Haqu/maCL OTACIIAITL KOPHU KaK aHAJIUTHYCCKU, TAK U rpa(bnqecxn. Merton Xopa yn06Hee

IPUMEHSITh, €clii TpaduK PYHKIHUK HA OTPE3KE MPOXOIUT MO HEOOJIBIIUM YIIIOM OTKJIOHEHUS

ot ocu OV, Tak Kak TOYKH MepeceyeHus KkacareabHbIX ¢ 0cbto OX OyayT ObICTpee CXOAUTHCS K

HTOTrOBOMY pEC3YyJIbTAaTy. KOM6HHHpOB8.HHBIfI MCTO y'IIO6HCC MNPpUMCHATHL BCCTrJd, TaK KakK

MPOMCIKYTOUHBIC PE3YJIbTATBI CXOAATCA K UTOTOBOMY Cpa3y C ABYX CTOPOH. KpOMC TOrO, IpHu
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KOMOMHHPOBAaHHOM METO/]I€ TOpa3io yA00Hee pacCUUThIBATh MOTPEIIHOCTD. TaKkxke, s Hay4uach
BBIJICJIATH OTPE3KH, KOTOPHIM MPUHAIJICKAT KOPHU ypaBHEHUS TpapUuecKd M aHATUTUYECKH,
Cy’XaTb 3TH OTPE3KHM METOJOM IOJOBHUHHOIO JeneHus. [Ipu BbIEIEHUMM OTPE3KOB TroOpaszio
ynobHee UCMOiIb30BaTh rpaduuecKuil crnocod, Tak Kak U3 HEro cpazy BUIHO CKOJIBKO KOpHEH, U
KaKuM OTpe3KaM OHHM MpHHAJJIeKaT, a MPU AHATUTHYECKOM Croco0e HYXHO MPOU3BOAUTH

ONpCACIICHHBIC BBIYUCIICHUS.

IIpakTnueckas padora Ne 13

Tema: MaTepnonupoBanue GpyHKINH

1) IToctpouth nHTEpHIONALUOHHBIA MHOrOUIeH HptoToHa. Haueptuth rpaduk 1 oTMETUTH Ha
HEM Y3JIbl HHTEPHOIAUUHU. BeruncnnTs 3Ha4eHus B Touke x=1.25.
Xi 1 1.5 2 2.5 3 3.5
Yi 0.5 2.2 2 1.8 0.5 2.25
2) [ToctpouTh HHTEPNIOISLIMOHHBIN MHOTOWIEH Jlarpanxka. HauepTuTh rpaduk u oTMETUTH Ha
HEM Y3JIbl UHTEPNOJIALIUY. BoluucanTh 3HaueHne B Touke x=1.2.
Xi 0 0.25 1.25 2.125 3.25
Yi 5.0 4.6 5.7 5.017 4.333
3) BBImomHUTE HHTEPHOISIINIO CIUTalfHAMK TpeThel crenenu. [loctpouts rpaduk 1 OTMETHTH Ha
HEM Y3JIbl UHTEPIIOJISILHH.
Xi 7 9 13
Yi 2 -2 3
IlocTaHOBKA 32124 MHTEPIOJAALMS.
[TycTh u3BeCTHBIE 3HaUEHUS (PYHKIIUU 00pa3yIOT CEYIONIYIO0 TaOIuILy:
X0 X1 X2 Xn-1 Xn
Yo Y1 Y2 Yn-1 Yn
[lpu »TOM TpeOyeTcs TMONYy4YUTh 3HAa4YeHHWEe QYHKIMH T B TOuke X, NPUHAJICKAIICH
OTPE3KY [Xo0..Xn] HO HE COBMAJAIOLIEH HU C OJTHUM 3HA4eHHEM Xi.HacTO Ipu 3TOM HE U3BECTHO
aHAJIMTUYECKOE BhIpakeHne QyHKIH T(X), MK OHO HE MPUTOIHO ISl BHIYUCICHHH.
B 9THX ciydasx HCIOJIB3yeTCsi MPHEM MOCTpOoeHUs mpubmmkaromieii Gynkiun F(X), koTopas
ouyeHb Onmm3ka k f(X) u coBmamaer ¢ HeW B TOYKaxX Xo, Xi, X2,... Xn. [Ipy 3TOM HaxoxkIcHUE
npuOIMKEHHOW (YHKLIMU Ha3bIBAaeTCs MHTEPNONALMEH, a TOUKH Xo,X1,X2,..Xn - Y3JaMHu
uHTepnosiuyi. OOBIYHO UHTEPIIOJIUPYIOLIYIO MILYT B BUJIE TIOJTUHOMA N CTENIEHU:
Pn(X)=aox"+aix"+axx"?+...+an-1X+an
Jlns xaxkioro Habopa TOUEeK UMEETCs TOJIbKO OJWH MHTEPHOJSIMOHHBIN MHOTOWIEH, CTENIEHU HE
6onbmie N. OHO3HAYHO OMNpPENETIeHHBI MHOTOWIEH MOXET OBbITh HMPEICTABICH B Pa3IMYHBIX
BHJ1ax. PaccMoTpuM MHTEpIIOISIIMOHHBIA MHOTOWIEH HbroToHa u Jlarpanxa.

HNurepnonsiuuonnas ¢popmyia Jlarpanixka.

®opmyna Jlarpamxka sBiasieTcss HamOojee OOIIer, MOXXET NPUMEHATHCS K TaKuM  y3jaMm
MHTEPIIOJISILIMN, YTO PACCTOSHHUE MEXy COCETHUMH y3JI1aMH HE IIOCTOSIHHAs BEJINYMHA.
[TocTpouM HMHTEPHONAIUOHHBIN MOMTUHOM Ln(X) cremenu He Oojblie N, W JJIT KOTOPOTO
BBITIOJTHSIOTCS YCIoBUs Ln(Xi)=Yi . 3anuiiem ero B BUJe CyMMBI:
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La(X)=lo(X)+ 12(X)+ L2(X)+...+ [a(X),
rae lk(Xi)= Vi, ecim i=K, u lk(Xi)= 0, ecam i#K;
Torna maorouieH lk(X) umeeT crienyromuii BUI:

e(x)= (x-X0) (X=X1)...(X=Xi-1) (X-Xi+1) (X-Xn) 5
K(X)= (Xi-%0) (Xi=X1).... (Xi=Xi-1) (Xi-Xi+1) (Xi-Xn) (2)
[Moncrasum (2) B (1) n nepenumem Ln(X) B Bue:
n noX— X,
Ln(X) = JZ;,) yj {Il_g Xj _ XiJ
i#]

1)

Ecimu dynkius f(X), momnexkamas uarepnonsuuu, quddeperiupyema 6oiblie yem N+1 pas, To

MOrpCIIHOCTb UHTCPHOJIALUN OLUCHUBACTCA CICAYIOIIUM 06pa30M:
(n+1)

f (Xg+0 (X, =%,)) n
f(x) - L.(x)|= (On +1)! : [Tx- X.) rae0<m<l
’ i=0

HNurepnoassuuonnas ¢popmyJia Herorona.

©)

HOCTpOGHI/Ie HUHTCPHOJAIMOHHOI'O MHOTI'OYICHA B (bopMe Hrrotona IMPUMCHSACTCA INNTaBHBIM

00pa3oM Korja pa3HocTh Xi+1-Xi=h moctostnHa aust Beex 3nauenunit X=0..n-1.

Koneunas pa3HocTb K-ro mopska:

HYi=Yi+1-Yi

I[Zin NYi+1- AYi=Yir2-2Yis1tYi

JEYi=Yiek-Kyir1ktK(K-1)/21 %Yo+ +(-1) i

Bynem uckate HHTEPHOISALIMOHHBII MHOTOYJICH B BUJIC:

Pn(x)=ao+a1(X-Xo)+az2(X-Xo)(X-X1)+...+an(X-X0) (X-X1)...(X-Xn-1)

Hatinem 3HadeHust k03 GUIUEHTOB do, a1, a2, ...,an:

[MTonaras X=Xo, HaxouM ao=P(Xo)=Yo;

Jlanee mopacTaBiss 3HAYCHUS X1, X2, ...,Xn IOJTydaeM:

ai=/lyo/h

a2=]12yo/2!h?

as=/T3yo/3!h3

an=/1"yo/n!h"

Taxum oOpazom:

Pn(X)=yo+ dyo/h*(X-Xo)+ J12yo/2!hZ*(X-X0) (X-X1)+...+ I"yo/nIh™*(X-X0) (X-X1)...(X-Xn-1)

[NpakTruecku ¢popmyna (1) mpruMeHsieTcs: B HECKOIBKO HHOM BHJIE:

BoszbMmem: t=(X-Xo)/h, Torma X=Xo+th u ¢popmyma (1) nepenucriBacTcst Kak:
Pn(X)=yo+tlyo+t(t-1)/2! M2yo+...+t(t-1)...(t-n+1)/n! A"yo

®opmyna (2) Ha3bIBaeTCs MHTEPIIOISLIMOHHON hopmynoit HeroToHa.

HOFpeI_HHOCTB MeToaa Hrrotona OILICHUBACTCH CIICAYIOIIHUM 06pa30M:
(n+1)
A

0 T .
Ro=tns1) H(t_')

HNuTepnonsiuus cniaifHAMu.
[Tpu 60BIIOM KOJTUYECTBE Y3JI0B MHTEPIIONSALINN CUIBHO BO3PACTAET CTENCHb

1)

2

@)

HHTEPMOIAIUOHHBIX MHOTOYJICHOB, UTO JCJIAaCT UX Hey2106HI)IMI/I JJIA IIPOBEACHU A BBIYHCIICHH.
BrIcokoii cTeneHr MHOTO4JIEHOB MOKHO I/I36C)K8.TB, p8.36I/IB OTPC30K MHTCPIIOJIMPOBAHUA HA
HECKOJIBKO qaCTeﬁ, C IMOCTPOCHUEM B Ka}K)IOfI JaCTH CBOCIo MHTCPIIOJIAIMOHHOI'O IMOJIMHOMA.
Taxkoit METOJ HAa3bIBACTCA I/IHTepHOHHHI/ICﬁ crarinamu. HanGonee PaCIpOCTPaHCHHBIM ABJISAACTCA
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NIOCTPOCHHE Ha KaXJI0M OTpe3ke [Xi, Xi+1], 1=0..n-1 kyoudeckoit pynkuuu. [Ipu sToM crutaiftH —
KycouyHasi (yHKIUS, Ha KaKIOM OTpe3Ke 3a/laHHast KyOMuecKol (yHKIIMeH, IBIsSeTCs KyCOYHO-
HEIPEPBIBHOW, BMECTE CO CBOMMU IIEPBOM U BTOPOM IIPOU3BOIHOM.

bynem nckath KyOMYecKHii CIIIaifiH Ha Ka)KI0OM U3 YACTUYHBIX OTPE3KOB [Xi, Xj+1] B BUJE:

S(x)=a,+b,(x=x)+¢ (x—- Xi)2 +d. (x— xi)3 , Te ai,bi,Ci,di — Hen3BecTHBIE.
U3 toro uto Si(Xi)=Yi noxy4um:
2 3
S(X)=Yy;+b, (x=x)+¢ (Xx=%) +d (X=X%)

B cuity HenpepbIBHOCTH OTpeOyeM COBIAICHHs 3HAYCHHU B y371ax, T.€.:

Si(Xi, 1) =S;,4(x) ,i=0..n-1; (1)
Taxoxe moTpeOyeM CoBIaJCHUS 3HAUCHUM MTEPBOM U BTOPOH MTPOU3BOIHOM:
Si(x,,)=S, ,(%),i=0..n-2; (2
Si(x,,)=S, ,(%),i=0..n-2; 3)
N3 (1) nomyuum N IMHEMHBIX YpaBHEHUN ¢ 3N HEU3BECTHBIMU
Vi, =Y+ 0 (x=x)+c (X xi)2 +d. (x— xi)3 ,i=0..n-1; (1%)
N3 (2) u (3) nonyuum 2(N-1) TUHEHHBIX YpaBHEHUN C TEMU K€ HEM3BECTHBIMU:
b, =b,+2¢ (x—x)+3d, (x=x)",i=0..n-1; (2%)
c.,=¢+3d (x=x),i=1l.n-1; (3*%)

Henocraromye aBa ypaBHEHHsI ONIPENEINM CIEAYIOIIM 00pazoM. IIpennonoxum, 94To B TOUKaxX
X0 U Xn IPOU3BOIHAS PaBHA HYJIIO U TMOJIYYUM ellle /1Ba ypaBHeHus. [lonyunum cucremy u3 3*n
JMHEWHBIX ypaBHEHHH ¢ 3*N Hen3BeCTHRIMU. Pemnm ee J1i00bIM U3 METO/IOB M TOCTPOUM
MHTEPHOJSILUOHHYIO (DYHKIHUIO, TAKYIO UTO Ha OTpe3Ke [Xi, Xi+1] oHa paBHa Si.

Metoa Jlarpan:xka
procedure TForm1.Button1Click(Sender: TObject);
type tip=array of real;
var X,y:tip;
i,j,n:byte;
p,s,xx:real;
begin
n:=edt.Count;
setlength(x,n);
setlength(y,n);
for i:=0 to n-1 do x[i]:=edt.massiv[i];edt.Lines.Delete(0);
for i:=0 to n-1 do y[i]:=edt.massiv[i];edt.Lines.Delete(0);
xx:=strtofloat(edt. Text);
edt.Lines.Delete(0);
s:=0;
for i:=0 to n-1 do
begin
p:=1;
for j:=0 to n-1 do if i<>j then p:=p*(xx-x[j1)/(X[i]-x[j]);
p:=p*y[il;
S:=s+p;
end;
edt.writer(",1);
edt.writer(",s,1);
end,
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Cnuiaiin — HHTEepHoJsANus (IporpaMma COCTaBIISIET CUCTEMY JIMHENHBIX YPaBHEHUH, petiast
KOTOPYIO HaxX0auM KO3(P(HUITMEHTHI KYOMYECKUX CIUTAHOB).
procedure TForm1.Button1Click(Sender: TObject);
var b,c,d,x,y:array of real;
urm:array of array of real;
I,j,k,n :byte;
begin
n:=edt.Count;
setlength(x,n);setlength(y,n);
for i:=0 to n-1 do x[i]:=edt.massiv[i];edt.Lines.Delete(0);
for i:=0 to n-1 do y[i]:=edt.massiv[i];edt.Lines.Delete(0);
setlength(b,n-1);setlength(c,n-1);setlength(d,n-1);
setlength(urm,3*(n-1),3*(n-1)+1);
for i:=0 to 3*(n-1)-1 do
for j:=0 to 3*(n-1) do urm[i,j]:=0;
for i:=0 to n-1 do edt.writer(" ',y[i],0);
for i:=0 to n-2 do
begin
urm[i,3*i+0]:=x[i+1]-x[i];
urm[i,3*i+1]:=(x[i+1]-x[i])*(x[i+1]-x[i]);
urm[i,3*i+2]:=(x[i+1]-x[I])*(x[i+1]-x[i])*(x[i+1]-X[i]);
urm[i,3*(n-1)]:=y[i+1]-y[il;
end;
for i:=0 to n-3 do
begin
urm[i+n-1,3*i+0]:=1;
urm[i+n-1,3*i+1]:=2*(x[i+1]-x[i]);
urm[i+n-1,3*i+2]:=3*(x[i+1]-x[i])*(x[i+1]-Xx[i]);
urm[i+n-1,3*i+3]:=-1,;
end;
for i:=0 to n-3 do
begin
urm[i+2*n-3,3*i+1]:=1;
urm[i+2*n-3,3*i+2]:=3*(x[i+1]-x[i]);
urm[i+2*n-3,3*i+4]:=-1,
end;
urm[3*n-5,0]:=1,; urm[3*n-5,3*(n-1)]:=0;
urm[3*n-4,3*(n-1)-3]:=1;urm[i+2*n-3,3*(n-1)-2]:=2*(y[n-1]-y[n-2])]
urm[3*n-4,3*(n-1)-1]:=3*(y[n-1]-y[n-2]) *(y[n-1]-y[n-2]);
urm[i+2*n-3,3*(n-1)]:=0
for i:=0 to 3*(n-1)-1 do
begin
edt.writer(",1);
for j:=0 to 3*(n-1) do edt.writer(" ',urm[i,j],0);
end;
end,
BBITIOTHUTE HHTEPIIONSAINIO CTUTaHAMK TpeThel cTeneHu. [loctpouts rpaduk u OTMETHTH HA
HEM Y3JIbl UHTCPIIOJIANH.

Xi 7 9 13
Yi 2 -2 3
Pemenne.
Bynem rckaTh KyOWYeCKHii CIUTalH Ha KaXIOM U3 YaCTHYHBIX OTPE3KOB [Xi, Xi+1], I=0..2 B BHE:
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S(X)=a +b (x=x)+c (x—x) +d (x—x), e abi,cidi - nenssectiie.
U3 Toro uro Si(Xi)=Yi mosyunm:
2 3
S(X)=y;+b, (x=x)+¢ (Xx=%) +d (X=X%)

B cooTBeTcTBHM € TEOPETHUECKUM MOJIOKEHUSMHU U3JI0KEHHBIMH BBIIIE, COCTABUM CUCTEMY
JUHEHHBIX YpaBHEHUN, MaTpUlla KOTOPOH OyAeT UMETh BUJI:

4 8 0 0 O 4]
0 0 0 4 16 64|| 5
yo|l 412 1 0 o0
01 6 0 -1 0| 0
10 0 0 0 Of| 0
00 0 1 8 48/ 0

I[Tpu 5TOM MBI TOTPEOOBAIN PaBEHCTBA IPOU3BOIHON HYJIO.

Perrast cucreMy ypaBHEHHIA TOIy4YrM BEKTOp pernenuit [b1,C1,d1,b2,C2,d0]:
37 20 -1 13
16 32 8 8 128

Iloxcrasiisis B ypaBHEHUE 3HAUEHUS bl,cl,dl, MOJIy4HUM Ha OTPE3Ke [7..9]:
37 (x-7)? s 21 (x-7)°

T 32
Ecnu BeIpakeHue yrnpocTuTh TO:
s = 10765_§X2+4123,“%)(3
< 32 32 32

AHaIOrMYHO MOJCTABIISISL B ypaBHEHHE 3HaUeHUs D2,C2,02, momyurnm Ha otpeske [9..13]:
s _83 11x . 13(x-9)> 31(x-9)°

18 8 8 128

40775 11453 1045 , 31 ,

WIS T 108 T 128 0T 128 ¢ T 1287

I'padux nmeet BUI:
3_




Metoa He10TOHA
procedure TForm1.Button1Click(Sender: TObject);
type tip=array of real;
var X,y:tip;
1,J,n:byte;
p,s,Xx,t,h:real;
kp:array of array of real,
begin
n:=edt.Count;
setlength(x,n);
setlength(y,n);
for i:=0 to n-1 do x[i]:=edt.massiv[i];edt.Lines.Delete(0);
for i:=0 to n-1 do y[i]:=edt.massiv[i];edt.Lines.Delete(0);
xx:=strtofloat(edt. Text);
edt.Lines.Delete(0);
setlength(kp,n,n);
for i:=0 to n-1 do for j:=0 to n-1 do kp[i,j]:=0;
for i:=0 to n-1 do kp[0,i]:=y[i];
fori:=1ton-1do
for j:=0 to n-i-1 do
kp[i,j]:=kp[i-1,j+1]-kp[i-1,j];
fori:=0ton-1do
begin
for j:=0 to n-1 do edt.writer(" ",kp[i,j],0);
edt.writer(",1);
end;
edt.writer(",1);
h:=0.5;
t:=(xx-x[0])/h;
s:=y[0];
fori:=1ton-1do
begin
p:=1,
for j:=0 to i-1 do p:=p*(t-j)/(j+1);
s:=s+p*kp[i,0];
end;
edt.writer(",s,1);;
end;
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[TocTpouTh HHTEPNOIAMMOHHBIN MHOTOWIEH HhtoToHa. HauepTuTh rpaduk 1 OTMETUTH Ha HEM
Y3761 HHTEPIIOJSAIUN. BoIauCcInTh 3HaueHne PyHKIUU B ToUke X=1.25.
Xi 1 1.5 2 2.5 3 3.5
Yi 0.5 2.2 2 1.8 0.5 2.25
Pemenue.
[TocTponm TabaUIly KOHEUHBIX Pa3HOCTEN B BUAE MaTPULIbL:

05 22 2 1.8 05 2.25]
1.7 -02 -02 -13 175 p
-19 0 -11 305 p p
19 -11 415 p p p
-3 525 p p p p

1825 p p p p P

Bocnonezyemcst uaTeprionsnuoHHon hopmyioit HeroTona:
Pn(X)=yo+tlyo+t(t-1)/2! A2yo+...+t(t-1)...(t-n+1)/n! A"yo
[ToxcTaBUB 3HAYEHUS TIOTYYMM MHOTOWICH TISITOW CTENIEHH, YIIPOCTHB KOTOPBIN MOTYUHM:
Ps(x)=2.2x°-24x%+101.783x3-20.2x?+211.417x-80.7
Boruucium 3Hauenue Gyakimn B Touke X=1.25; P(1.25)=2.0488;
I'paduk GyHKIMK UMEET BHI:

44
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[TocTpouTh HHTEPNOIAIMOHHBIN MHOTOUWIEH Jlarpamka. HauepTuth rpadyik 1 OTMETUTH HA HEM
Y3716l HHTEPIIOJISIUU. BEIUUCINTh 3HaUeHHE B TOUKe X=1.2.

Xi 0 0.25 1.25 2.125 3.25

Yi 5.0 4.6 5.7 5.017 4.333
Pemenne.

[TocTpouM HHTEPIONIAMOHHBIH MHOTOWIEH Jlarpamka L4(X), MoCTaBUB 3HAYCHUS U3 TAOJIUIIBI

B hopmyIy:
n noX-—X
Ln(x>=_20y,- {H J
j=

i=0 Xj_Xi

Harmmumniem nporpaMmy M BbIYUCIIMM 3HAYCHUC MHOI'OYJICHA B TOYKC x=1.2:
L4(1.2)=5.657;
HOJ'Iy‘ICHHBIﬁ MHOT'OYJICH UMCCT UCTBCPTYIO CTCIICHD. ynpOCTI/IM €TI0 U IIOJIYUUM:

L,(x) == 0.5697 x* — 3.5536 x*> — 2.9835 X + 6.3867 X* + 5

[Toctpoum rpaduk moIy4EeHHOTO MOJIMHOMA:

4.57

IIpakTnueckas padora Ne 14

Tema: Pacuet ¢ momoipro noiarnaoma HeroTona

Iocmanoska sadauu. Oyukuus y = f (X) orpeziesieHa Ha OTpe3Ke [a;b], 3a/1aHa CBOUMH

3HaYeHWs MM Y; B paBHOOTCTOAWMX y3nax X €[&;b], T.e. y; = f (X ). Onpenenurs snauenne
dyHKuMM Vi = y(&) B Touke & €[a;b].
1. Monunom Herorona. Ecin dynxumss Y= f(X) onpenenena na orpeske [a;b]u sanana
CBOMMH 3HAUCHWSAMH Y; B PaBHOOTCTosmMX y3max ¥ €[a;b], X,; =X +h, h=const>0,
TO 3a71aYa MHTEPIIONAINN PENIaeTcs B JIBYX CIyJasX.
a) Korma touka ¢e[ab] maxomures B Hauane Tabmuubl 3Hauwenmit X €[a;b]

HCIOJIB3YCTCA MEPBAA HHTCPIOJIAIITMOHHASA (bopMyna Hrrotona
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Pn (é:):yo +qu0 +@A2yo+q(q_l)(q_2)A3y +_”+q(q—1)...(q—n+1)

n
3| ’ n! e
—X
q:é—ho’ AY; =Y - Vi Ay =Akyi+1_Akyi’ A%y =Y;.
hn+ n+1

b) Korma Touka § e[a;b] HAXoOUTCA B KOHIIE Ta6J‘II/II_IBI 3HAYCHUH X e[a;b]
HCITOJIB3YETCS BTOpasi MHTEpIOsImoHHas ¢popmysa HeroTona
g(g+1 g(q+1)(g+2 g(g+1)...(q+n-1
Pn(§)=yn+qun+—(2, a2y, ,+ 9 3?,( ) azy, e 0D ns )
_ Xn _5
q= n
pn+t ‘f(n+1)(g?)‘.1£[( +k) Ee[a'b]
(n+1)! 0 are) e

2. Hurepnossiunonnas ¢opmynaa Jarpamwxka. Eciu dynkinus y = f (X) oIpeJieliecHa Ha

A"y,

Torma y: = f (&)= P, (&), Ay =

OTPE3KE [a, b] 1 JaHa CBOMMMH 3HA4YCHUAMU yi B HC PABHOOTCTOAIINX Y3JaX Xi E[a;b],

X =X +h, h=const>0, To 3agaua MHTEPIONANNM pEIIACTCS C MOMOIIBIO MOJMHOMA
Jlarpanxa

=S TT[ £ ) v 1(6)=1a(6), -]

i—0 k=i, 0\ %Ki ~ Xk

3aganue: 1) OTaenuTh KOPHU ypaBHEHUS rpadMuecKy U MPOrpaMMHO.
2) YTOUYHUTH KOPHU ypaBHEHUS METOAOM KacaTelbHbIX C TOUHOCThIO & =0,0001.

3) HapI/ICOBaTb CXEMYy IPUMCHCHHA METOJIa K Ka)KIOMY KOPHIO YPABHCHUS.

Bapuanr YpaBHeHHe Bapuant YpaBHeHue
1 1,5* —3=1Ig(x) 31 tg(0,2x+0,5)+0.51= x>
2 x° —4x? =sin(0.9x +0.1) 32 x° —4x® +2|x-1=0
3 X2 —2x? +1=0 33 (x—3)%> —2lg(x* -3) =1
4 2x% —5x% +2x+1=0 34 x2 —2sin(x-1)-2=0
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5 x® —cos(2x—1) =0

6 3X2 —ZeCOS(X7O'2) =0

7 X3 +2x? —e?* =0

8 X3 +2x% —sin(3x+1) =0
9 In(x)—5X+2=O

10 | e’ 42x-7=0

11 | x¥*-x-02=0

12 X3 —4x? +x+25=0
13 x3 —3x% +x+3=0

14 X3 +0,1-tg(x) =0

15 X3 —2x% —3x+1=0

16 (x—1)3 cos(x) +1=14x>
17 x2—2-In(x)=2,5

18 cos(2x—1) =x° —2x -1
19 X3 —5x% +2x+1=0
20 3[x—3:In(x+2)-4=0

35 x3-1.2x+1=0
36 x? —2sin(2x)—0.5=0
37 x2 +1g(x)=1,25
38 ctg(0,5x—0,2) = x> -5
39 x3 —5x% +5x-1=0
40 2x—exp(x* —2)=-1
41 lg(x -2 =0

o )+ 2x+7
42 x*+2x% —e? =0
43 X —5sin(x) =0

X2
44 4:In(x) == +1=0
45 2x% — 2% —3sin(x) =0
46 2" —3x2+2=0
X2
47 cos(x—l)—?=0
48 5X2 + 2X — =0
e +1

49 5x* —2-1g(x|+0.5) =2
50 X3 —3x% +4-sin(x) =-1
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4x
21 3-lg(x+2) - =1
9(x+2) 2x% +3
X2
22 2-In(x+1)—?+1=0
23 2x*-0,5° -1=0
24 2 +x2-2=0
05 3
25 3cos(x"” -0,3) =—
2X
26 x> —2cos(3x+1)+2=0
27 x? +5sin(3x+1) =0
28 (x—l)% —(x-1)?=0.03
29 3x? +cos(x—%) -1=0
30 (x—1)%+2In|x-2/=0,2

X; €[a,b], x =x,+i-h, h=const =

IIpakTnyeckas padora Ne 15

51 X3 —5x? +3x+1=0

52 2e* —5x? -1,1=0

53 2sin(x—-1)=x-1,2

54 cos(3x—0,25) = X—22 -1
55 x* —2x*+0,07=0

56 0,5x+sin(x) =1,5

57 5c0s(X) =3— X°

58 2c0s(2x +0,5) = exp(x?)
59 x*—8x2+2=0

60 x2 —3sin(x? =1) =0

Tema: Annpokcumanuss QyHKIUHU OAHON MepeMeHHOH
MocranoBka 3anaun. Jana ¢pyaxuus Y = f(X) cBonmu snauenmamu Y; = f (%), rae

b-a

—, X, =a, i=0,n. HaliTu MHTEpIOIUPYIOILYIO
n

byHKLUIO onpenienieHHoro kiacca F(X), Takyto uto F(x)=Y;, 1 Vx [a,b], i= on.

3ajaua UHTEPIOJIAINH 3aKIF0UAeTCs B HAX0XKICHUH 3HadeHust GpyHKuuu Y = f (X) mpu

X =&, and yero nonaratot, uyto f ()= F(S).

2,00000000

2,14000000

2,28000000

2,42000000

2,56000000

2,70000000

2,84000000

Yi

7,274400

7,715100

7,889900

7,737300

7,200500

6,231200

4,791600

ye=1(5), mpu £=2,6.

PaCCMOTpI/IM PCHICHUC 3aJaY UHTCPIOJIALIUA I (pyHKI_[I/II/I 3aJIaHHOM Ta6J'II/I‘-IHO, HCIIOJIb3YyA
Merox HeroTona mis PABHOOTCTOAIINX Y3JIOB.

alTH
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Tak xak & =2,6 HaxOaUTCs B KOHIIE TAOJUIIBI, TO IPUMEHSIEM ISl pEIICHUS 3a/1a4u
npuOJIMKEHUST BTOPYIO HHTEPIOIALMOHHYIO (popmyny HeroToHa
+1 +1)(g+2 +1)...(g+n-1
Q(qz' ) 9(a+9(a+2) 5, ., 9(A*Y)...(a 1)

2
AYnat 31 n!

P (&) =y, +0Ay, + Yo

Torma y: = (&)= Py (&), Ry (5):Ay(§) -

CocTaBUM KOHEYHBIC Pa3HOCTH

Yi Ay, A%y, Ay, Aty Ay, APy,
7,7373000 |-0,2355480 | -0,0657040 | -0,0610118 | 0,0743632 | -0,0920959 | 0,1105114
7,5017520 |-0,3012520|-0,1267158 | 0,0133514 | -0,0177327 | 0,0184155
7,2005000 |-0,4279678 | -0,1133644 | -0,0043813 | 0,0006828
6,7725322 |-0,5413322|-0,1177457 | -0,0036985
6,2312000 |-0,6590779|-0,1214442
5,5721221 |-0,7805221
4,7916000

q g+1 g+2 q+3 q+4 g+5
-1,7143 | -0,7143 0,2857 | 1,2857 | 2,2857 | 3,2857
COCTaBI/IM Ta6m/1uy JJISI BBIYUCJICHUSA ClIaraCMbIX BO BTOpOﬁ I/IHTepHOJIﬂHI/IOHHOfl

dopmyne HerloToHa!
k
k Sk :H(q+i_1) k! S%| Akyn—k %'Akyn—k
i=1 ’ :
6 3,3782 720,0000 0,004691923| -0,0018000 | -8,44546E-06
5 1,028143036 120,0000 0,008567859| 0,0020000 | 1,71357E-05
4 0,449812578 24,0000 0,018742191| 0,0105000 | 0,000196793
3 0,349854227 6,0000 0,058309038| -0,0378000 | -0,002204082
2 1,224489796 2,0000 0,612244898| -0,4703000 | -0,287938776
1 -1,7143 1,0000 -1,714285714| -1,4396000 | 2,467885714
0 1 1 4,7916000 4,7916
P,(2,6)= | 6,96954834

I'padmyeckas MHTEpIpPETAIMSI UCXOIHBIX 3HAYCHUH U pe3yJIbTaTa JaloT CICIYIOUIYIO
KapTHHY, IJIe TOYKO MOKa3aH MOTy4eHHbIH pe3ynbraT: f (2, 6) ~P (2, 6) =6,96954834 . 13

JaHHOT'O pUCYHKAa MOXXHO CKa3aTb, YTO HaWJICHHOS HDI/I6J'H/DKCHHO€ PECOICHHUEC 3a1a91
HHTCPHOJANNH BIIOJHEC OTBCYACT HCXOAHBIM JaHHBIM.
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HHaTepnonupoBanne

5

4 X
OcHOBHOTHOBHONHOBHOTHOBHONHOBHOTHOBHOTHO BHOTHO BHOTHOBHOTHOBHOIT

Ouenka norpemHocTy npudamxenust F(&).
O1eHUM MOTPEITHOCTh MPUOTUKEHHUS C TTOMOIIBIO BBIPAKEHUS

n+1 n _ _
Ru(&)=y06)= g T (E) TT @K, € €%, Avnsnoro omean 1€
: k=0
An+1

Yo

( AX)n+1 !

norpemHocTs R, (5 =2, 6) =0,00000845.
Ilosryunm pemenue: y(f) ~F (f) =6,96954834, R, (95) =0,00000845 .
Ompenenum 9HCIIo BEPHBIX 3HaKOB. Tak kak R, (&) <0,00005, To mpu M =0 umeem

n=>.
[Tocne oxpyraenus nomyuuMm Y; =6,9695, onp =0,00004834,

MIOMOIIBIO BhIpaskeHus f (n+1) (5 ) e~ AXx =h. Toraa noiay4um CieayroIyo

Ay = 0,00000845 +0,00004834=0,00005679 . Tak kak Ay =0,00005679 < %10_3 ,To Ny =4.

Oxpyrium Y, =6,9695 1o BepHbIx 3HaK0B. [loayunm (MCTIONB3ys IPaBUIIO YETHON
undper) Y, =6,970, rae A, =0,0005, A, =0,0005+0,00005679=0,00055679 . Tax xax
A, =0,00055679 < 1102, 10 n, =3,

2 2

Oxpyrinum Y, =6,970 1o BepHbix 3HakoB. [lonmyuum Y3 =6,97,1e A 0,

oxp2 —
Ay =0,00055679. Tak kak A, =0,00055679 < llO_2 , T0 Nz =3. IIpu aToM Ny =nj,.
3 3 2

CJ'ICI[OB&TGJ'IBHO, B ITOJIYUCHHOM PE3YJIbTATC BCC 3HAKHU BCPHBIC.

Otser: Y(2,6)=6,97+0,00055679.

3ajanue:
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1) Haiitu npubmmkeHHOe 3HaueHHE (PYHKIUHM MPHU 33JaHHOM 3HAUYCHHH apryMeHTa
£ ¢ IOMOILIBIO COOTBETCTBYIOLIETO MHTEPIOALUOHHOIO noiauHoma HproroHa,

ecnu GyHKIIMA 3a7aHa B PaBHOOTCTOSIIIIMX y31axX;
Vi = F(X); X, =%, +i-h; h=const; i=0,6;

Ye=1(5); v -7
2) OILEHUTD NOTPEIIHOCTD ITOJIYYEHHOTO 3HAYECHHUS.

Bapu

AT 1 2 3 4 ) 6 7 8 9 10

1 0,9950]0,9988|0,9512]0,3679]0,3679 |0,4311 [0,6664 |1,7151 |1,0806 [6,8621

1,15 |1,1424]1,1481}1,0857]0,30640,2317 0,3044 [0,4329 |1,7834 |1,0805 |[/,4816

1,3 ]1,2890]1,2973|1,2182]0,2399|0,1419 |0,2198 [0,2406 |1,8803 |0,9042 |8,0055

1,45 [1,4348]1,4462|1,3486]0,1771}0,0842 10,1635 [0,0903 |1,9696 |0,5067 [8,4128
X 11,6 |1,5796]1,5949|1,4770]0,1237|0,0483 |0,1263 |-0,0178|1,9978 |-0,1495 |8,6805

1,75 |1,7233]1,7433|1,6034]0,0819]0,0267 0,1021 |-0,0861}1,9035 |-1,0918 |8,7858

1,9 ]1,8658]1,8914|1,7278]0,0514(0,0142 |0,0872 |-0,1185|1,6344 |-2,3342 |8,7075
¢l= 1,23 1,47 1,52 |1,16 1,23 1,47 [152 1,48 |1,18 1,25

IIpakTuyeckas padora Nel 6

Tema: Boluncienue uHTerpana G yHKIUHH
3aganue: CocTOUT U3 IBYX MYHKTOB (@ U b).

1)
2)
3)
4)

5)
6)
7)

1)

2)

3)

4)

5)

Haiitu npubnmkeHHOe 3HaueHHE MHTerpaia mo (GopMmysaM JIEBbIX M HpPaBbIX
TIPSIMOYTONIEHUKOB C TOYHOCTBIO & =103,

Haiitu  npubnukeHHoe 3HaueHUWE HMHTerpaja 1o  (Qopmyne cpeaHux
TPAMOYTONLHUKOB C TOYHOCTBIO & =102,

Haiitu npubnuxeHHoe 3HaYeHNE UHTErpaia 1o GopmyJse Tpaneuu ¢ TOYHOCThIO
£=107.

Haiitu npubnmxeHHoe 3HadeHHWe wuHTerpasa 1o ¢opmyne CuMICoHa C
TOYHOCTHIO &=10"°,

CpaBHUTH NOJTyYEHHBIE PE3YIIbTATHI.

Bonopocsl caMOKOHTPOJIS.

ITocTanoBka 3amaun. I eoMmeTpruyeckas HILTIOCTpaLUs.

OcHoBHast ujest NpUOIMKEHHOTO YUCIEHHOTO UHTETPUPOBAHMUSL.

®opmynsl Herotona - Koreca.

UucneHHOe MHTETPUPOBAHME METOAAMH IPSIMOYTOJIBHUKOB (JIEBOTO, MPABOI0O, CPEIHErO),
[IOIPELIHOCTh METO/IA.

UucneHHOe NHTErPUPOBAHUE METOJOM TPAIlELUH, TOTPEITHOCTh METO/A.

YucnenHoe HHTErpupoBaHue MeToaoM CHMIICOHA, TOTPEMIHOCTh METO/IA.

CpaBHEHHE METO/IOB.

WuTerpansl sl BHIYMCICHUS ONPEEIIIOTCS UCXOsl UX HOMepa BapHaHTa
(N - HOMep BapHaHTa WM MOCIEeIHHE (O/IHA WX JIBE) HU(PBI 3a4ETKH CTYACHTA).
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BapuanTsr a) b)
Nl - Ne10 I_l’zcos(O,OY-N+0,5-x)dX _2'[
T 64 0,4+x2+N E N
N1l - No20 |—1j7 sin(0,02-N +1,5-X) _f
B ) g1 14+c0s(1,2-N-0,3-x) }2 X2 +0,4-N
13 2
(0,06-N +2,5-) _In(0,6-N)
Ne21 - Ne30 = - |l = dx
0’-[51,1+sm(1,2-N—0,3-x) I /x +0,3-N
1,6 2 21 2
Ne31 - Nod0 |- cos“(0,07-N —-2,5-X) dx | = X“ -log(N /3) dx
G2 25+Yx2+N 01572 X2 +0,4-N
17 .. 2
sin“(0,02-N +0,7-X) x-exp(-0,02- N)
0 - No = dx | =
Nedl - Nes0 Jll,l—cos(1,3-N—0,4-x) I Jo,4-N=2-x
[ 2,3-5in(0,3-N +0,25-x 28 In(N
Ne51 - Ne60 = I ( ) g = S dx

O4+cos (,6-N-0,1- x)

T2\4- X +3-X+0,4-N

Bapanue: Jlan unrerpan | = | f(x)dx, e f(x)=

Oo0pa3sen BbINOJHEHUs JIa0OPATOPHOIl PadoThI
(UncneHHOE HHTETPUPOBAHKE)

0,485 SIn(x)

01

1) Haiftu npuOnmkeHHOe 3HaueHue uHTerpaia |
TIPSAMOYTOJBHUKOB C TOYHOCTBIO & =102,

2) Haiitu

pUOIMKEHHOE

3HA4YCHHUC

NPAMOYTOILHUKOB € TOYHOCTBIO & =107,
3) Haiitu npubmmkeHnHoe 3HaueHue uHTerpasia | mo dopmyne Tpamemuu ¢ TOYHOCTHIO

£=1073,

WHTErpasa

I  mo dQopmyne

no ¢opMynaM JEBbIX M MPaBBIX

CPEHUX

4)  Haittun npubmmkeHHoe 3HauyeHue uHTerpana | mo ¢opmyne CUMIICOHA ¢ TOYHOCTHIO

£=1073,

5)  CpaBHUTH NOJIYYCHHBIC PE3YJIHTATHI.
OTtpe3ok [a, b] pa3o0beM Ha n yacTel U HaijieM 3HaueHus y; = f(x),

. a-b
Y =100, W =1"04), ¥ =@ (x), x =a+i-h, h=—( )

n

a= 0,1

n= 26

b= 0,6

h= 0,019231

!

Yi

f X +X|+1
2

Yi

yiﬂ

yt

0,100

0,998334166

0,997998614

0,033300012

0,332333928

0,199286177

0,119

0,997632354

0,997235407

0,039687119

0,331912938

0,198985508

0,138

0,996807795

0,996349542

0,046065422

0,33141836

0,198632301

0,158

0,995860673

0,995341215

0,052433508

0,330850325

0,198226656

0,177

0,994791196

0,994210649

0,058789965

0,330208983

0,197768691
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0,196

0,993599604

0,992958095

0,065133385

0,329494503

0,197258537

0,215

0,992286159

0,991583832

0,071462363

0,328707075

0,196696341

0,235

0,990851153

0,990088163

0,077775498

0,327846905

0,196082265

0,254

0,989294904

0,98847142

0,084071394

0,326914221

0,195416485

0,273

0,987617757

0,986733962

0,090348659

0,325909269

0,194699192

0,292

0,985820084

0,984876173

0,096605905

0,324832315

0,193930593

0,312

0,983902283

0,982898466

0,10284175

0,323683642

0,193110909

0,331

0,981864778

0,980801277

0,109054818

0,322463554

0,192240375

0,350

0,979708021

0,978585072

0,115243738

0,321172373

0,191319242

0,369

0,97743249

0,97625034

0,121407148

0,319810439

0,190347774

0,388

0,975038688

0,9737976

0,127543689

0,318378112

0,18932625

0,408

0,972527144

0,971227392

0,133652011

0,31687577

0,188254965

0,427

0,969898415

0,968540287

0,139730772

0,315303808

0,187134225

0,446

0,967153082

0,965736877

0,145778637

0,313662641

0,185964354

0,465

0,964291751

0,962817784

0,151794279

0,311952701

0,184745686

0,485

0,961315056

0,95978365

0,15777638

0,310174441

0,183478572

0,504

0,958223652

0,956635148

0,16372363

0,308328327

0,182163376

0,523

0,955018225

0,953372972

0,16963473

0,306414846

0,180800475

0,542

0,95169948

0,949997841

0,175508388

0,304434503

0,179390261

0,562

0,94826815

0,946510502

0,181343324

0,302387819

0,177933139

0,581

0,944724993

0,942911722

0,187138267

0,300275332

0,176429526

0,600

0,941070789

0,939202295

0,192891957

0,2980976

0,174879855

1014 7

1 ]
0,99 -
0,98 -
0,97 -
0,96 -
0,95 -
0,94 -

0,93

1 X

1) Berumcianm

0,000 0,100 0,200 0,300 0,400 0,500 0,600 0,700

max_tes()") =0,187138267, max_npas(y’) =0,192891957 , max(y") =0,332333928,
max(y) =0,199286177 .

3HA4YCHUC HHTCIrpajia n €ro MOrpeIIHOCTD

NPSIMOYTOJILHUKOB HCTIONb3YsI BHIPAKEHHS
n-1 n- hZ
H ’
Sﬂee_np}mxz =h- Z f (Xi)! X, =a+l- h, Rﬂes_np}w < max |y (X)| .
i—0 2 Xe[a,b]

=0,000899703.

METOAOM JIEBBIX

=0,488730039; R

Torma momyuum S ne6_npsin

ne6 _npam

Tak xak Rﬂee_ npam

= 0,000899703<%102 , TO YHCJIO BEPHBIX 3HAKOB PaBHO 3.

Cnenosarensro S, =0,49, A, = |O, 49— 0,488730039| <0,00127,
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A, =0,0009+0,00127 =0,00217 < %102 .

Taxum 0Opa3oMm octaBmuecs U(PHI B 3aIMCH YHUCIIa BEPHBIE.
OtseT: S =0,49+0,00217 .

Je6 _ npsm
Brranciaum 3Hadenne HHTErpaia u €ro norpeurHoCT METOA0OM MPaBbIX

NMpAMOYIroJIbHUKOB
2

4 . n-h
S =h->» f(x.), x, =a+i-h, R <——— max |Y'(X)|.
npae _npam é ( 1) i + npae _ npsam 2 Xe[a,b]'y( )|

Torpa nonyunm S, ..., =0/487628821; R, . ., =0,00092737 .
Tak kaK R,,,; 0 =0,00092737< %102 , TO YHCJIO BEPHBIX 3HAKOB paBHO 3. CienoBaTelIbHO
S,=0,49, A,,, =|0,49-0,487628821| < 0,00238,

A, =0,0009274 +0,00238 < 0,00321 < %102 .

Takum 0Opa3oM octaBmmecs U(PHI B 3aIIMCH YHCIIa BEPHBIE.
OtBert: S =0,49+0,00321.

npas _npam
2) MeTOHOM CpeaAHUX INPAMOYTOJbHUKOB BbBIUYHMCIUM 3HAYE€HUC HMHTErpajla U €ro

MOrPEIIHOCTh

3
i X + X

cpe() np;m: z (5) é: =S Xi:a+i'h, R >

m
= 2 cped _npam 24 xe[a,b]

=0,00000256 . Tak kax

£(x)).

=0,488186808 ; R

cpeo _npam

Torma umeem S, 00 =

R =0,00000256 < %105, TO YMCJIO BEPHBIX 3HAKOB paBHO 6. CiiegoBaTtenbHo S; =0,48819,

cped _npam

Ay = |0, 48819 — 0,488186808| <0,0000032, A, =0,00000256-+0,0000032 < 0,00000576 . Tak

kak A, =0,00000576 < %1041 , TO YHCIIO BEPHBIX 3HAKOB paBHON, =5, Torga S, =0,4882,

OKpl =0,00001, A, =0,00000576+0,00001< 0,00001576 . OueBugHO, uTo N, =N, =5.

Taxum oOpa3oM ocraBirecs HU(PHI B 3aIIMCH YHUCIIA BEPHBIE.
Otser: S =0,4882+0,00001576 .

3) MUcnonb3ys popmy.y Tpaneuml Y COOTBETCTBYIOILYIO €M OLIEHKY ITOIPEIIHOCTH
3

f(XO)+f(X) n'h "
Smpan_h|: Zf(X) X =a+i- h Rmpan— 12 )gfg)é]h/ (X)|

cpeo _npsam

noyryyum S =0,48817943; R, . = 0,00000512 .

mpan ! ' Dmpan

Tak kak R = 0,00000512<%10_4, TO YHCIIO BEPHBIX 3HAKOB paBHO 5. CiemoBaTenbHO

mpan
S, =0,4882, A,,, =|0,4882—0,48817943| < 0,00000206 ,

A, =0,00000512 +0,00000206 < 0,00000718 < %10_4 .

Takum oOpa3om octaBmuecs UGPHI B 3aMMCH YHUCITA BEPHBIE.
OtBeT: S =0,4882 +0,0000072 .

mpan

4) Wcnonb3ys ¢popmyay CUMIICOHA ¥ COOTBETCTBYIOIILYIO €i OIIEHKY MOTPEITHOCTH

h & n-h’ (4)
S = f(x,,)+4f(x + f(x n=2m, R _—ma fY(x
cumn 3 ;[ ( 21) ( 21+1) ( 2”'2)] cumn 180 xefab] ( )‘
nonmyaum S, =0,4881843486; R, =0,000000000076 .
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Tak kak R_,, =0,000000000076< %109 , TO YUCJIO BEPHBIX 3HAKOB paBHO 10 .

CnenoBarenbHo S; =0,488184349, A

cumn

= |0,4881843486 - 0,488184349| <0,0000000004 ,

oKp

A, =0,000000000476 < %10_9 . Takum 00pa3om ocTaBimecs HUMPHI B 3aIMMCH YHCIIA BEPHEIE.

Ortser: S, =0,488184349 +0,00000000048 .

cumn

5) CpaBHeHHe pe3y/IbTaToB.

HNudopmannonHoe odecnevyenne 00y4eHus

Ilepeuyenn yueOHbIX n3aaHuii, UHTEpHET-pecypcoB, JONOJTHUTEILHOM JUTEPATYPbl

1.

1.

2.
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